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Abstract—The rapid growth in the size of deep learning
models strains the capabilities of dense computation paradigms.
Leveraging sparse computation has become increasingly popular
for training and deploying large-scale models, but existing deep
learning frameworks lack extensive support for sparse operations.
Current approaches either require manual scheduling expertise
or rely on exhaustive search taking hours to days, which are
both incompatible with the interactive development essential
to machine learning research. We present three algorithmic
contributions that enable fast, automatic optimization of sparse
tensor computations. First, we develop a heuristic-based loop
ordering algorithm that avoids asymptotic performance cliffs
while compiling in milliseconds rather than hours. Second, we
introduce a tiling algorithm specialized for mixed sparse-dense
computations that achieves performance comparable to hand-
optimized kernels. Third, we present a format inference algorithm
that automatically selects appropriate sparse tensor formats for
intermediate and output tensors based on operation semantics.
These algorithms are grounded in the computational properties of
sparse tensor algebra, making them predictable and robust across
diverse workloads. We implement these techniques in Scorch, a
prototype sparse tensor compiler for PyTorch that demonstrates
their practical effectiveness. With only minimal code changes,
our approach achieves 1.05-5.80 x speedups over PyTorch Sparse
on end-to-end tasks including graph neural networks, sparse
autoencoders, and sparse transformers, with compilation times
fast enough for interactive ML development.

I. INTRODUCTION

The last decade has seen significant advances in code
generation approaches for sparse tensor algebra [24, [12] 31} 154].
These code generators allow users to separately specify tensor
expressions and the data structures that store the tensors.
They then compile the tensor expressions to fused code
that iterates over the given data structures to compute the
results. Researchers have also proposed sparse scheduling
languages [25. 146l 53116} 56] that let users manually control how
to optimize the generated code, through, e.g., loop ordering,
tiling, and the introduction of temporary data structures.

However, we lack fast algorithms that automatically make
decisions about how to schedule the code and what data
structures to use for intermediate and output tensors. Without
such optimization machinery, application developers cannot
use sparse tensor algebra without also understanding how to
optimize it, which limits its use to a small group of experts.

The absence of fast automatic optimization prevents us from
extending ML frameworks like PyTorch and JAX with first-
class sparse tensor support. These frameworks currently provide
only a small set of hand-written sparse matrix operations
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wrapped in custom APIs, which is sufficient for some popular
models but inadequate for exploring new models. A primary
reason for the success of PyTorch is its focus on the needs
of ML researchers, with support for immediate execution and
predictable performance that avoids performance cliffs [41].
We need to maintain this contract if we are to provide support
for sparsity in a framework like PyTorch without breaking its
ease of use. This means users cannot be required to specify
the data structure of every intermediate tensor (of which
Python code has many), nor be required to provide schedules
to optimize kernel code. It also means that, as argued by
Bik et al. [7], sparsity should be a property of tensors and
that sparse tensor operations should use the same APIs as
dense tensor operations. More subtly, compilation has to be
fast enough to support interactive model development with
immediate execution, which precludes exclusively relying on
search-based autoscheduling strategies [3].

The primary remaining challenge in developing a sparse
ML framework is thus to make fast automatic decisions about
schedules and storage, while avoiding performance cliffs where
loop ordering or fusion strategy degrades asymptotic complexity.
Additionally, achieving competitive performance with hand-
written kernels requires tiling strategies to improve cache
locality and load balancing in mixed dense-sparse computations.

The two existing autoscheduling approaches have fundamen-
tal limitations. Search-based autoscheduling [3] exhaustively
explores the schedule space, taking hours to days. Although
search-based approaches can yield great performance, they
are incompatible with interactive development. Hand-written
kernels, as in PyTorch Sparse and specialized libraries like
PyG [15] and DGL [50]], provide good performance for specific
operations. Such performance, however, does not generalize to
the diverse sparse computations needed for future ML, leading
to performance cliffs for operations outside the optimized set.

Our approach is to develop fast heuristic algorithms that
make principled scheduling decisions in milliseconds rather
than hours. Instead of exhaustive search or manual optimization,
we employ structural cost models that capture asymptotic
complexity differences between schedules. The cost models
also systematically identify tiling opportunities in mixed sparse-
dense operations, and they automatically infer data structures
for intermediate and output tensors based on operation seman-
tics and algebraic properties. These algorithms are grounded
in the execution properties of sparse tensor algebra, such as
the relationship between loop ordering and iteration space size,



making them predictable and robust across diverse workloads.
By focusing on avoiding asymptotic performance cliffs and on
making reasonably good use of caches, we achieve compilation
times proportional to program size while generating code
competitive with hand-tuned implementations.

This paper makes three technical contributions:

Fast online autoscheduling (Sectipn|ll): A heuristic-based

algorithm that optimizes loop ordering, fusion, and inser-

tion of temporaries in milliseconds by analyzing sparse

lter placement and balancing computational complexitfrig. 1: Overview of a sparse ML framework that highlights
against transposition costs. the contributions of this paper in green.

Mixed sparse-dense tiling (Sectipn]IV): An automatic

tiling algorithm for both dense and sparse (data-dependent) A unied tensor abstraction: A sparse ML framework
loops that achieves performance on par with hanghould provide a unied tensor abstraction that seamlessly
optimized tiling schemes. handles both dense and sparse data. Users should be able
Automatic format inference (Sectipr] V): A data-structurt write operations on any combination of dense and sparse
inference algorithm for outputs and temporaries baségnsors without needing to manually handle different code paths.
on operator properties and input data structure format$ie framework should automatically handle the complexity of
tailored to choose asymptotically-appropriate formats. mixed sparse-dense operations internally, allowing researchers

To demonstrate these ideas, we developed Sfbachrototype to express computations in natural mathematical notation
of PyTorch with support for sparse tensors that executes G@gardless of the underlying data sparsity. _

multi-core CPUs. We extend PyTorch's tensor constructors to Predictable and automated performance: The framework
allow users to specify sparse tensors, and we override PyTordfySt automatically make performance-critical decisions with-
APIs to dispatch sparse tensor operations to our compiler. Buffgt introducing performance cliffs such as the asymptotic
ing on the sparse code generati@d][and optimization@g] Slowdowns that can occur in sparse computation. For sparse
techniques from TACO, our compiler automates the choice pPMPUtations, the framework must make three categories of
schedules and the data structures of intermediate tensors u&igiSions that fundamentally affect performance in sparse com-
the algorithms in this paper. We focus on CPUs as a practi&ltat'on- First, loop orders that optimize asymptotic complexity
and cost-effective platform for sparse workload, [2g. ™Must be chosen. Second, sparse data structure formats for
Sparse computations are often memory-bound; CPUs offalermediate and output tensors must be automatically chosen
larger and cheaper memories than GPUs, along with beﬁ?é‘rsed on ope'ra'tion' semgntiqg and input formats. Third, memory
support for irregular access patterns. Our evaluation shows tRigrarchy optimizations like tiling must be made to adapt to the
the kernels generated by our system using our autoschedulff§gular access patterns of sparse data. These optimizations
techniques are competitive with hand-optimized code for bofould happen transparently during compilation or execution,

CPUs and GPUs. requiring no manual tuning from users.
Interactive compilation speed: Although it is acceptable to
[l. THE DESIGN OF SPARSE ML FRAMEWORKS incur high compilation cost before deploying a model, machine

Deep learning frameworks like PyTorch succeed becau§arning model development requires rapid iteration and the
they optimize rst for researcher productivity and pragmati€2ger-mode execution of PyTorch is an important reason for
performance41], with eager-mode execution and a rich set dfs adoption. To facilitate interactive development, a sparse
operators. A sparse counterpart should preserve these dedf§nframework must support compiling sparse operations in
principles while making sparsity a rst-class concern. Thigmlliseconds, rather than minutes and hours. This constraint
section articulates the properties we believe are essenBigcludes exhaustive search methods that explore millions
in order for a general, PyTorch-like sparse framework @f candidates for all but the last compilation stage before
achieve usability, generality, and performance predictabilifigployment. Instead, during development, the framework needs
(depicted in Figure 1). In later sections we present algorithni@st heuristic algorithms that make good decisions quickly, even
fast autoscheduling (Section 1), mixed sparse-dense tilifigthey occasionally miss the globally optimal con guration.
(Secti_on IV),_ and format inference (Section V), that, Wheg_ Programming Model Requirements
combined with sparse code generation approaches from the

literature, operationalize these properties. ' Minimal API chgnges: The adoption of sparse computa-
tion should not require learning a new programming paradigm.
A. Design Requirements The framework should extend existing dense tensor APIs rather

The following design points lead to simple and intuitivdhan replacing them, allowing users to leverage their existing

integration of sparse tensors into modern ML frameworks. Knowledge and gradually adopt sparse features. Converting
dense code to sparse should require only minimal changes, e.g.

1Scorch is available on GitHub at https://github:com/bobbyyyan/scorch. by just specifying which initial tensors are sparse.



Fig. 3: SpMSpM loop orders.

Figure 3 illustrates three possible loop orderings for SpMSpM:
outer product, Gustavson, and inner proddgtdenotes the set

of coordinates in the dimension of tensbrindexed by index
variablei. The loops iterate over coordinates of different matrix
dimensions, and the arrows indicate the data structure traversal

Automatic format management: Users should not neg&ders for each matrix. The inner product algorithm has worse

to specify storage formats for every tensor. While it may b%symptotic complexity than the other two algorithms because

reasonable to specify formats for input tensors (to match d{é}ﬁ'them nor B's data structures connect the coordinates in

from external sources), the framework should automaticaﬁye t_WO outer Ioops., f‘?rc'”g densg |terat.|on. This example

infer appropriate formats for all intermediate and outp ghlights three key |nS|ghts that drive ef cient loop ordering

tensors. This inference should consider both the operation belfﬂ sparse tgnsor operations: i .

performed and the formats of input tensors to select format |rst, placing sparse Iter; (Se,Ct'd'"'B) ear!ler in the Ioop_

that balance storage ef ciency and computational performan[:‘@.sung reducgs.the' tota! lteration space, Slml|'al’.t0 predlcgte
Composable operations: The framework should suppd?PShdown optimizations in database query opt|m|zat|on. Thl_s

arbitrary composition and fusion of sparse operations. Usé&iisures that sparse datz_i structur_es effectively prune the |terat!on

should be able to express complex computations as sequertRace as early as possible, avoiding unnecessary computation.

of simpler operations, and the framework should automati-second’ intermediate workspaces are essential when scat-

cally identify fusion opportunities to eliminate unnecessaltﬁring into sparse output tensors, particularly for higher-order

Fig. 2: Scorch SDDMM and sparse attention examples.

materialization of intermediates (Figure 2). tensors where dense alternatlves_ would require prohibitive
amounts of memory. For operations on real-world sparse
C. Algorithmic Requirements tensors, where typically less than 1% of values are non-

Asymptotically ef cient scheduling: The framework musZero, the memory requirement difference between sparse
avoid scheduling decisions that lead to asymptotically inefind dense workspaces can be orders of magnitude. Loop
cient algorithms. For sparse operations, different loop ordering&lering decisions directly impact the dimensionality and size
can have vastly different complexities—what takanz) time ~ requirements of these workspaces.
in one ordering might tak®(n nnz) in another. The scheduling ~ Third, transpositions of sparse tensors are computationally
algorithm must reliably identify and avoid such performanc@xpensive operations that require constructing new data struc-
cliffs without exhaustive search. tures. They incur both time and space overhead proportional

Mixed sparse-dense optimizations: Real machine learnifythe number of non-zeros. Therefore, an effective algorithm
workloads frequently combine sparse and dense tensors. Thest balance the bene ts of early Itering against the costs of
framework needs specialized algorithms for optimizing the4@nsor transpositions.
mixed computations. Dense dimensions within sparse opegr- . .

. . A . Algorithm Overview
ations present opportunities for cache optimization throug
tiling, but naive application of dense tiling strategies can Our algorithm (Algorithm 1) implements these insights
degrade performance due to irregular sparse access pattéf@ugh a cost-based approach that balances computational
The framework needs algorithms that identify which loops ca®mplexity, workspace overhead, and transposition costs. The
be effectively tiled without introducing excessive overhead. algorithm proceeds in three phases: initialization, loop order
optimization, and workspace insertion.
1. AUTOMATIC LOOP ORDERING AND WORKSPACE In the initialization phase (lines 3-5), the algorithm collects
INSERTION and sorts index variables in the tensor expression by their
Loop ordering can fundamentally change the worst-casparsity level, which we de ne formally as the expected
asymptotic complexity and thus the observed performance a#rdinality reduction ac,l_r;ieved by the corresponding lIter.
sparse computation29]. We introduce a novel algorithm for Consider SpMM,Cyx = i Aij B, whereA is stored in
automatically determining ef cient loop orders that, unlikehe CSR format an8 andC are dense. Herg,2 A ; \B ; is
prior work, does not require an of ine exhaustive sear8h [ the only sparse lter, as it involves an intersection between the
or manual scheduling directives [46, 54]. sparse leveh; and the dense lev@; . When sparsity levels are
Cons,_i;jer sparse-sparse matrix multiplication (SpMSpMquivalent (as with andk in this example), ties are resolved
Ck =  AjBijk, where inputsA and B, and the output by selecting the order that minimizes tensor transpositions,
C are stored in the CSR (Compressed Sparse Row) fornyalding an initial loop order L = [j; i; k].



COSTTOPUSHL; i;pos) is dened as C

The loop order optimization phase (lines 6—10) employsidenti cation and ranking of sparse lIters that guide loop
greedy approach that evaluates the cost of pushing each sparskering decisions. Sectioll-C presents our cost model
Iter to different positions in the loop nest. For each indeXor evaluating candidate loop orders, which balances the
variablei, we consider moving it from its current position tocomputational, workspace, and transposition costs.

each subsequent position in the loop order. The cost function

comp C

WS+

B. Sparse Filters

C wansWhere C ¢omprepresents the change in computational

complexity, C s accounts for workspace overhead, and

While concepts similar to sparse lters have been used

C tans Captures the cost of any required tensor transpositioHE.prior work on sparse tensor algebra4], our approach

Algorithm 1 Loop Ordering and Workspace Insertion

Input: Tensor expressiork, input tensorsT , output tensoiout

introduces a systematic method for comparing lter sparsity
across complex expressions. This subsection explains our
approach to identifying and ranking sparse Iters for loop

2: Output: Loop order L for ef cient computation. ordering decisions.

3: | GETINDEXVARIABLES(E) Given a tensor expression, each index variable corresponds
4: S SORTBYSPARSITYDESCENDING(I; E) to a set expression involving the coordinates of each tensor.
5: L INITLOOPORDER(S) le. in th tri ltivlicati . _

6 foralli2S do . Loop ordering or example, in the matrix multiplication expressiGpy =

7:  currentPos GETPOSITION(L;i) i Ajj Bjk , the index variables, j, andk correspond to the

8: for pos currentPos to jLj+1 do set expressiond, Aj \B j, andBy, whereT; denotes the set

o: if CosTTOPUSH(L; i; pos) < 0 then of coordinates in the dimension of tensbrindexed by index

10: L MoVETOPOSITION(L;i; pos) variable i

E fC(;)r ;’I\:';GzR?P[F;g) gdo Directed graph with nodes | A sparse lter is an index variable whose set expression
13: GETMODEO°;tDER,NG(T) involves the intersection of a sparse set with a dense set (or the
14: fork 1tojl(T)j 1do . Add order constraints universe). In the context of sparse-dense matrix multiplication
15: ADDEDGETOGRAPH(G; [K]; [k +1]) (SpMM), whereA is a sparse matrix in the CSR format and
16: while CONTAINSCYCLES(G) do B is a dense matrixA; is a dense se#\; is a sparse set,

17: e REMOVECHEAPESTEDGE(G) and bothB; andBy are dense sets. Therefore, index variables
18: L UPDATELOOPORDER(L;e) . Update the loop order

i andk are not sparse lters as they each correspond to a

by transposing the tensor . S L
Y posing dense setA; and By respectively), while index variable is

19: if HASSPARSELEVELS(Tut ) then . Workspace insertion : . .

20: led GETREDUCTIONVARIABLES(T ;T out) a sparse lter because its set expressién (B ;) involves

21: if SHOULDINSERTWSPACE (kea ; I(T out ); L) then the intersection of a sparse sé;§ with a dense setH ),

22: W INSERTWORKSPACE(L; | red ) resulting in a sparse set.

gif (LLP3 bTD)DAiglﬁ’l;I(;CD)SESRRLDCI)E(;Sb;_I e -)E) In the case of sparse-sparse matrix multiplication (SpMSpM),
o5 Lz UPDATECONSUMERLOOP(L "C Tc:ut ‘W) whert_—z bothA andB are sparse matrices in t_he CSR format,
26: return L both j and k are sparse Iters. To determine the relative

sparsity off andk, we assume that each sparse level is equally
sparse without inspecting the actual data. T#sandBy are

to position 1, we see a bigge€ comp due to the lter no considered equally sparse. The set expression fvaluates

longer applying to rows oA in thei loop, a smallerC ,s @ Aj \B j, which simplies to A; (a sparse set), while the

from the 2D workspace being reduced to a 1D workspace (R8t expression fok evaluates tdBy (a sparse set). As a result,

longer scattering into the dimension), and a smalle€ yans there is a tie in the sparsity of j and k.

asA no longer requires transposition to be iterategtinorder. ~ In complex fused expressions involving more than two

The negative net cost means the loop order gets updatedefsors, the sparsity comparisons of index variables may involve

[i;j;k] . Conversely, moving to position 2 would yield the unions and intersections of multiple sparse sets. For instance,

inner product algorithnfi; k; j] , where it incurs a positive net consider the set expressiof#s; \B ;)[C i and(A;j [B )\C |

cost due to a much bigge€ comp @s no input data structuresfor index variables andj, where each of the se#s;, B, Cj,

allow sparse iteration fromto k and C yans from transposing Aj, Bj, andC; is sparse. To compare the sparsityi andj,

B to iterate ink;j order, more so than the savings © ,s W€ analyze and compare the regions in the Venn diagrams for

from eliminating the need for temporaries. the set expressions corresponding to each index variable, as
The mode ordering constraints from tensor storage forma&igown in Figure 4.

are captured in a directed graph (lines 11-15), with cycles indi-The set expression far

cating required transpositions (handled in lines 16-18). Finally, the union of a sparse

the workspace insertion phase (lines 19-25) determines whetbet with the intersection of

intermediate workspace tensors are needed to ef ciently scatteno sparse sets, while the

into sparse output formats. set expression foj is the
In the following subsections, we provide detailed analyses witersection of the union of

each component in this algorithm. SectibhB formalizes the two sparse sets with another

For SpMSpM, when evaluating the net cost of movjng

Fig. 4: Sparse lters.



sparse set. Since the former is a superset of the latter, we earays, while the sorting cost accounts for ordering the entries
conclude that j is more sparse than i. before writing back to the output tensor.
C. Cost Modeling for Loop Ordering Selection d) Transposition COStCyans The transposition cost
) ) , represents the overhead of transposing tensors to match the loop

The autoscheduling algorithm in Scorch uses a structugyer, which is proportional teythe number of non-zero elements
coc?t modeld to evaluateI candldate. Igop orde;jsl. For a loRPthe tensor8]: Cyandl) =  1o7 Crandtizr (T;L) , where
orderL and a proposal to move index varialileto posi- ¢ s the constant cost per non-zero element for transposi-
tion pos the cost function CosTToPuUsH(i; pos) computes tion, mhz is the estimated number of non-zerosTin and

CosTTOPUSH(L;iipos) = C comp*t C ws* C wans (T;L)=1 if T needs to be transposed to align withand
where C comp = Ccomp(l-o) C comp(l-) , Cows= CWS(LO) 0 otherwise.
Cus(L) , C trans= CrandL?) C wandl) and C comp C ws, Since we cannot inspect the actual data values during

and C yans represent the changes in the computationgfmpijation, we estimatenz based on tensor dimensions and
workspace, and transposition costs, respectively, when mov

€sp _ N MOVQBrage format. For a tgnsor with dimensidds; d; :::; da ],
from loop orderL to a new ordeil° with indexi at position Wwe approximatenz pl . d, where ; = 1 for dense
|: 1
pos.

. ) ) _dimensions and; = for sparse dimensions.
This model aims to capture the asymptotic complexity oy constant Selection via Autotuning: The constants in

differences between loop orderings rather than predicting exack cost model (., Gnsers Csort Cans and ) are determined

runtimes. While this approach enables fast scheduling decisigRg, ,gh autotuning. We use a representative subset of matrices
without runtime pro ling, it can produce suboptimal scheduleg g, ihe SuiteSparse Matrix Collectioad], sampling across
for tensors whose actual sparsity patterns signi cantly divergegeent matrix sizes, domains, and sparsity patterns. For each
from our structurgl assumptions—for example, whep a dehggre sparse kernel (SpMV, SpMM, SpMSpM, and SDDMM),
tensor is stored in a sparse format or when the distributign, yenerate multiple valid schedules, measure their actual
of non-zeros is hlghly skewed. In practice, we nd that thesﬁerformance, and apply Bayesian optimization to identify
_edge cases are rare in real-world workloads, as demonstrgigfsiant values that predict the optimal schedule. The constants
in our evaluation. _ were tuned once on the ARM machine and used unchanged
2) Com_putatlonal CostCeomp The compqtatlonal (?OSt on x86. This cross-architecture portability stems from the cost
CeomeflL) estimates the total number of operations required Fodel's focus on fundamental algorithmic costs (computational

eﬁ(ecgte t?? '°°P nest for loop oLdkler Thl's CIOSt :_eﬁe_ndsﬁonw rk, memory allocation, data layout transformations) rather
the size of iteration space at each loop level, which is affectqcl "\ i~ architectural details.

by the position of sparse lters.
Let L = [l 1;lz;:::;1,] be the loop ordeb The total IV. TILING MIXED DENSE-SPARSE LOOPS
n

computational cost is modeled &omll) = =y 11, Tiling, or partitioning iteration spaces into smaller blocks
wherejl ), j s the effective _|terat|on count of look, adjusted 5 ¢ i, faster memory, is a fundamental optimization that
for the ltering effects of prior loops. To accurately capture the., o es cache utilization for mixed sparse-dense operations,
effect of early or late ltering, we modell |, j by considering .4t qoes for dense computations. For dense computations,
the lters applied before loopy and how they reduce theyjjing techniques are well-understood and have been studied
lteration space at levek J. . extensively 2, 10, 42, 2, 59, 60]. However, mixed sparse-
b) Modr_elmg Effe_:ctwe Itgrat_lo_n Counts_: For _eac_h loo ense computations present unique challenges that make

l‘T’ the effectn:ts Iteration cou'r]t I,J Is determined byl '51 = tiling decisions more complex. In these computations, the

tor,, T (C7") , whereT, is the set of tensors that involvejrregular access patterns from sparse dimensions interact with
index I, and T, (c$k ) is the set of feasible indices df at regular access patterns from dense dimensions, creating tension
level I given the previous indices?k chosen forT in the between different optimization goals. Dense dimensions bene t
parent loops beforé,. Since we cannot examine actual tensdrom tiling to improve cache locality, but the optimal tiling
values during compilation, we estimate these cardinalities usisjategy depends on how they interact with sparse dimensions.
only structural information. For sparse dimensions, we useNaively applying dense tiling strategies to mixed sparse-dense
xed sparsity ratio parameter to approximate the expectedcomputations can actually make performance worse.
number of non-zeros per dimension. While prior work like TACO [24] established foundations for

c) Workspace Cost,s The workspace cost accountsteration space transformations and SparseBA [ntroduced

for the time and space complexity of using an intermediat®@mposable formats, neither system addressed the challenge of
workspaceCys(L) = C inserfNinser? + € sorNentried? 109 Nentries  @utomatically determining which loops to tile in mixed sparse-
where Cnsert aNd Csort @re constants representing the cost peense computations. Pigeo8] jnakes loop ordering but not
insertion and per comparison during sorting, respectiWser;  tiling decisions. Our approach introduces a systematic method
is the total number of insertions into the workspalgnies for identifying tiling opportunities that accounts for unique
is the number of unique entries in the workspabeis the characteristics of mixed sparse-dense loop nests to provide a
dimensionality of the workspace. The insertion cost re ects th@incipled solution to a problem that previous systems left to
overhead of managing the workspace's hash map and coordimatnual tuning or operation-speci ¢ heuristics.



Our tiling strategy is based on three key observations derivetlltiplies the number of times we must load e#ctile of B—
from analyzing the behavior of sparse tensor operations. Fistce for evenyji-tile—destroying the cache ef ciency that tiling
we note that reuse opportunities can be identi ed by examiniig meant to provide. Our evaluation results in Figure 7b provide
the index variables present (and more importantly, missinginpirical validation of this insight and show that tiling bath
in each tensor access. Second, we recognize that tiling spamdk dimensionsi(k-Tiled) degrades performance compared
dimensions often degrades performance due to the overh&adnly tiling thek dimension k-Tiled). These observations
of traversing sparse data structures in order, which requira®g formalized in our tiling algorithm (Algorithm 2), which
performing expensive searches. Third, we observe that tilisgstematically identi es potential loops for tiling by analyzing
some dense dimensions can be counterproductive, such as tliessor access patterns, excludes loops corresponding to sparse
that are parents of a sparse dimension in the loop nest. dimensions and loops that are parents of sparse dimensions, and
applies tiling transformation to the remaining candidate loops.

Algorithm 2 Tiling Sparse Tensor Operations This algorithm automates a decision process that previously
1: Input: A tensor expressiorE containing input tensor$ , and a required extensive expertise in both sparse tensor algebra and
loop structure L. cache optimization, making ef cient sparse computation more
2: Output: Tiled loop Structure Liea . _ _ accessible to general users of machine learning frameworks.

3 W . Initialize the working set of index variables

g E)r eGalf:LAtLeLrllgoDrE:c\(/:Aez!sA?'L[lE]siS1Et)he expression E do V. FORMAT INFERENCE

6: ifl Sthen . larethe indices of T A key challenge in compiling sparse tensor algebra is
£ W Wl - Add indices to the working set  gatarmining intermediate tensor data structures. While it is
8 foralli2wdo - Remove sparse index variables (oa50naple to ask users to annotate the formats of input tensors,
9: if9T 2T jT; is sparse then - . . . .

10: W W n fig requiring explicit formats for mtgrmedlate and output tensor is '
11: for all i 2 W do . Remove parents of sparse dimensions@" Unnecessary burden and_ quickly becomes unmanageal?le In
12: if 9jjjis sparse and i = PARENT(j) in L then large models. Format selection must also occur before runtime,
13: W W nfig so we have access only to tensor shapes (domain sizes) and
14: for alli2 W do . Tiing  the user-declared per-dimension level types of input tensors
150 (iouter Tinner)  TILEINDEX() . Split loop i but not the actual index data. This means the exact structural
16: L REORDERLOOPS(L;i oue) . MOVE i ouer OUtErmOSt ¢qnts (e.g.nnz and ber degrees) are not available. To solve
17: return Les L this problem, we instantiate a parametric sparsity prior for

each sparse level and deterministically propagates the resulting

. . P .
Consider the SpMM expressioBikc = | Aj Bjx with  estimates through the tensor expression, including reduction-
A as a CSR matrix an@®, C as dense matrices. When gnduced Il-ins.

tensor access is missing an index variable present in the fuliconsider general tensor contractions of the form
expression, that tensor is reused across the loop corresponding

to the missing index variable. Examining the tensor accesses Yo] = X v X [st]: N
of SpMM reveals thaCjx is missing the index variablg, A

indicating reuse across theloop. This suggests potential . . . .
9 h P 99 P where eachX; is an input tensors; is its ordered list of

bene ts from tiling thei and k loops if they were both . . : | -
dense. However, tiling both andk dimensions leads to amdexsvarlablesp is the ordered list of output indices, and
' 7 ( (St)no are reduced indices (summed out), the goal of

larger working set (area covered by the arrows in Figure Jrrﬁat inference is to choose, for each output inde2 o

for B, as the tiles ofk are exhausted more frequently. : :
: . whether the corresponding storage level is DENSE or SPARSE.
If all the dimensions

were dense, loop can

be tiled to mitigate ) i ) , .
this issue, butj in- Format inference predicts output sparsity without computing

dexes a sparse dimen- values by reasoning about the support, the set of coordinates
sion of A and can- that may be nonzero. For tens¢rwith indicesx, we represent

not be ef ciently tiled this as a boolean predical (x) returning true wherX[x]

as a result. Tilingi, is structurally present. This view connects to relational queries:
which is a parent of tensor multiplication corresponds to a natural join on shared
the sparse dimension indices, and summing over an index corresponds to projection.

A. Support View of Contractions

i, should be avoided F|g. 5_: Bllng“Spl.VlM Given Equation (1), the output support is:
. i, (C|k - i AIJ B]k)
because without tiling J m
j, we cannot limit B's working set betwedrntiles. In dense Py(o) Or: Px . (st): 2
computation, tiling all three dimensions creates bounded =1

working sets, but in mixed sparse-dense computation, thie critical observation is that projection can increase density,
inability to tile the sparsg dimension means that tiling also known as ll-in. The appendix provides detailed examples.



B. Static Sparsity Priors V1. EVALUATION

Since format decisions are made statically without tensonye evaluate Scorch to demonstrate how our technical
index data, we use a parametric prior mapping declarggntributions—fast autoscheduling, mixed sparse-dense tiling,
level types to expected statistics. For ten¥omith indices and automatic format inference—bridge the gap between sparse
(V1;:::;Vp) and domain sizes: = jDom(v -)j, we assign each tensor compilers and practical machine learning frameworks.
level * two parameters: occupancy rapg; 2 (0;1] (fraction  ouyr evaluation demonstrates the following claims:

;f(cog r(%'nf]te(?rggﬁzﬁnct)fpr?énpirrigiybsgeanr:dblorg;e nl]:%?DbEe,\jrSr:t 1) Our autoscheduling and format inference algorithms match
levels px’-‘ —qy. =1:for SPARSE levels thesé come from or exceed th_e_ performance Qf _han_d -tuned sparse kernels
q faul,ts annotations 1or heuristics ' WIthOU'F requiring manual 0_p_t|m|zat|or_1 (Sect|o_n VI-B).

€ ' ’ ) 2) Our mixed sparse-dense tiling algorithm delivers mean-

Let N- be the expected active pre xes after levelwith ) .
No = 1. The expected children per parent is ingful performar)ce improvements for real-world sparse
o= ( workloads (Section VI-C).

o = T if level * is DENSE 3) 3) Our contributions enable practical speedups over Py-
' px; N+ if level " is SPARSE; Torch Sparse and specialized graph frameworks on end-
giving N- = N3 gy We derive(X) = N to-end machine learning tasks across diverse domains

p .
andfleg (v j v ) = cx: . The expected distinct coordinates (Section VI-G).

along v follows a coverage model: To support these claims, we evaluate Scorch against existing
N- libraries on both core sparse operations and end-to-end models
Dx[v] n- 1 exp oo (4) across graph neural networks, sparse autoencoders, and sparse

transformers. We select these domains speci cally because
they represent distinct sparsity patterns and computational
C. Inference via Elimination with Fill-In Estimation requirements, allowing us to validate the generality of our

The inference algorithm (Algorithm 3) represents each inp@PProach. Throughout our evaluation, we use PyTorch Sparse
tensor as a factor—a summary tracking index variables wig$ the primary baseline, with domain-specic libraries as
estimatethd , degrees, and distinct counts. We eliminatgdditional comparison points where applicable.
reduced |nd|ces by joining factors on shared variables and
projecting out the eliminated variable, which can densify): Evaluation Environment
remaining variables. All experiments were conducted on two architectures: an

a) Fill-in model: When eliminating index connectingu Intel Core i9-14900K 3.2 GHz 24 cores) with196 GBDDR4
andv, let Beg(r j u) andfeg(v jr) be the estimated degreesRAM and an Apple M1 Ultra §.2GHz 20 cores) with

clamped to [O; n].

The induced degree after elimination is: 64 GB DDR5 RAM. For GPU benchmarks, we used an
0 d o1 egariu) 1 NVIDIA GeForce RTX 4090 GPU with an Intel i9-14900K
Beg(vjuy = n,@ 1 beg(vjn A (5) CPU. Kernel benchmarks use matrices from the SuiteSparse
Ny

Matrix Collection [L3]. Using two different CPU architectures

lets us validate that our autoscheduling approach generalizes
beyond a single hardware platform. We used PyTorch's eager
(immediate) execution mode for all experiments because graph

clamped tomin(nv;geg(r ju) Qeg(v jin). As Qeg(r ju)
increases,&eg(v j u) saturates towardh,. The appendix
provides intuition for this formula.

; e . mode in the current versiortofch.compile [4]) treats
K- b Join estimation: For factor® andQ with shared keys sparse operations as opaque nodes and does not perform cross-
: operation fusion or optimization.
nmdProg)  EIEQ © °F P
max(1; b[K])
whereD[K] is the estimated distinct key tuples from Equaglgorithm 3 Static Format Inference for Tensor Contractions
tion (4). 1: procedure INFERFORMAT(E, 0)
. 2: F BUILDFACTORSFROMPRIORS(E . uses shapes &
D. Selecting Output Level Types level type ®) P
After elimination, we choose between dense and sparse R o Scope(f) no
storage for each output level via a cost comparison. For output CHOOSEELIMORDER(E, R)
index g with prex Pj; =fo1;:::;01 O: 5: forr2 do
6 G ff 2F jr 2 scope(f)g
costDense() / D\[Pil ] ne; " F FnG
. 8: h JOINSUMMARIES(G) . Equation (6)
costSparse(p) / D[Pi; ] Heg(q jPi1 )+meta(o;); (8) o h ELIMINATEVAR(h, ) . Equation (5)
wheremeta(o;) accounts for coordinate/pointer overhead. The™ 5 FS[ fhg ) )
y JOINSUMMARIES . scope(y) =0
appendix provides case studies and discusses robust mteHaI feturn CHOOSELEVELS(y, 0) . Equations (7) and (8)

priors for handling uncertainty.




PyTorch uses a caching allocator to recycle memory anthtch specialized, hand-tuned implementations developed over
avoid repeated system calls. Scorch lacks a custom allocateany years. The ability to automatically match the performance
generated kernels invokealloc andmemset for each output of expert-engineered libraries is precisely the goal of our
tensor. In SectioVI-B, this difference causes slowdowns withifast online scheduling system, which is to deliver reasonable
respect to PyTorch for small matrix sizes (where the 10s20performance on a diverse set of kernels without requiring users
per allocation is a large portion of the 50-1@0runtimes). to have specialized knowledge of sparse computation.

Such tiny sparse matrices are uncommon in real-world ML The PyTorch GPU results in Figure 6 (bottom), which use
workloads—our end-to-end benchmarks in SecbflcG show CcuSPARSE kernels on the NVIDIA RTX 4090 GPU, serve
this allocator overhead has negligible impact on practicas a reference point for the potential performance bene ts of
workloads. An output-tensor memory pool would amortiz&PU acceleration. These results illustrate the performance gap
such small-matrix overheads. between CPU and GPU for sparse operations, underscoring the
effectiveness of GPUs for some large-scale sparse computations.
Although Scorch does not currently support GPU acceleration,

To demonstrate the effectiveness of automatic optimizatiomderstanding this performance gap informs future work.
algorithms—Iloop ordering, tiling, and format inference—w%
benchmark four core sparse kernels that form the building
blocks of many Sparse machine |earning models: SpMV, SpMM'TO evaluate our second Contribution, an algorithm for t|l|ng
SDDMM, and SpMSpM. These kernels represent a range rgixed sparse-dense loops, we perform a series of comparisons
computational patterns with different optimization challenge®f kernels with and without tiling. We provide a performance
allowing us to assess how our contributions address differéiygluation of the speedup gained by tiling sparse-dense kernels
sparse data access patterns and computational compleRfythe following benchmarks:
characteristics. Each operation presents distinct challenges i) Sparse matrix-matrix multiplication (SpMM) across differ-
terms of memory access patterns, fusion and tiling opportunities, €nt matrix categories in Figure 7a. Large matrices benet
and optimal output format selection. the most from tiling with up to 6.36 speedup over untiled

Figure 6 shows the performance of Scorch versus PyTorch implementations, while large moderately sparse matrices
(with torch.sparse ) for the four kernels across a range  achieve 5.96 speedup.
of problem sizes and sparsity patterns on the ARM archi2) Sparse matrix-matrix multiplication (SpMM) across vary-
tecture. The results demonstrate two key insights about our ing numbers of non-zeros in Figure 7b. The tiled imple-
autoscheduling approach. First, for operations like SpMV and mentation consistently outperforms the untiled implemen-
SpMSpM, where optimization opportunities are limited by the  tation across most problem sizes, with the performance
inherent computational patterns, Scorch achieves performance advantage becoming more pronounced as the number of
parity with PyTorch. This validates that our fast autoscheduling non-zeros increases.
system correctly identi es when simple loop orders are optimal Figure 7a shows that SpMM achieves the most substantial
and avoids the complexity and overhead of any unnecesspeyformance gains from tiling the dimension on larger, denser
optimizations to deliver competitive performance. matrices (6.36 speedup) and large moderately sparse matrices

Second, and more importantly, for operations like SpMM5.96 speedup). These matrices contain suf cient regular
our heuristic-based autoscheduling ef ciently identi es opporomputation patterns to amortize the overhead and bene t
tunities for tiling, resulting in performance gains that increafeom improved cache locality, while their untiled counterparts
as the problem size increases. The results on SDDMM provigeffer from cache thrashing as problem size increases.
compelling evidence for our approach, where Scorch outperThe dimension-wise comparison in Figure 7b demonstrates
forms PyTorch by more than an order of magnitude on largety selective tiling is crucial. Tiling only thé& dimension
problems. This substantial improvement stems from fusiaunsistently outperforms both the untiled baseline and more
While PyTorch must decompose SDDMM into separate sparaggressivei-k-Tiled strategy. In the presence of a sparse
element-wise multiplication and dense matrix multiplicatiodimensionj, the additional control ow complexity and
operations, thus materializing large dense intermediate results,indary checking overhead from tiling both dimensions can
Scorch can generate one single fused kernel that co-iteradasveigh cache bene ts. While multi-dimensional sparse tiling
over the sparse data structures and only computes the necessambe bene cial27], the choice of not tiling sparse dimensions
dense products. This example highlights how our approachanges the optimization landscape. Without tiling the sparse
to automating key decisions in sparse computation can yielinensionj, we cannot bound's working set between tiles,
asymptotic performance improvements and not just constargusing eacli-tile to reload allk-tiles of B, destroying cache
factor optimizations. ef ciency. To avoid the unpredictable overhead of sparse tiling,

On the x86 architecture (Figure 6, bottom), Scorch achieveg provide a specialized solution for mixed sparse-dense loops,
performance parity with PyTorch, which leverages Intel'sather than adopting techniques from dense linear algebra. For
Math Kernel Library (MKL) for sparse computations. Thishighly sparse matrices, the algorithm achieves modest gains
is signi cant in that it demonstrates that our general-purposd 1.05-1.07 . These smaller improvements align with our
compilation approach with automatic decision-making caheoretical understanding of these workloads, where irregular

B. Core Sparse Kernels

Mixed Sparse-Dense Tiling



Fig. 6: Performance on core sparse kernels (ARM on top and x86 on bottom).

access patterns limit the bene t of cache optimizations. These
results show that our mixed sparse-dense tiling algorithm can
deliver meaningful performance improvements on real-world
data while avoiding the pitfalls of over-aggressive tiling.

D. Autoscheduling Times

Table | compares Scorch's autoscheduling performance
against Pigeond], the only other sparse autoscheduler of which
we are aware, on the two benchmarks made available in their
artifact. Pigeon is an exhaustive enumerative system: it explores

all viable loop orderings and fusion choices, pruning this Iarqg

. . . 19- 8: Performance on SpMM across SuiteSparse matrices,
space to produce an asymptotically optimal Pareto frontier o _ . ]

, X with k = 512, on the rst 1000 of 2903 matrices in default
schedules. In contrast, Scorch's greedy autoscheduler is sevegalet order
orders of magnitude faster, yet its schedules lie within Pigeoﬁjsg by '

optimal frontier while additionally performing tiling and format

inference decisions beyond Pigeon's capabilities. Table | alBES-COmMpute mappings between sparsity patterns and register-
shows that Scorch's autoscheduling now has similar costQgtimized micro-kernels. At runtime, Nano converts matrices
the other lowering stages (e.g., CIN lowering), accountif§Pm Standard sparse formats (COO/CSR) into a specialized

for roughly 33% of end-to-end lowering time across the coréormat where values are reorganized by sparsity pattern:
sparse kernels evaluated in Section VI-B. columns with the same pattern are grouped together, values are

extracted and potentially padded to match micro-kernel register
E. Comparison to Of ine Tiling Schemes layouts, enabling ef cient branch-free vectorized execution at

While our heuristic-based approach prioritizes fast compillile COSt of preprocessing each matrix.

tion with predictable performance for direct-mode use, ofine For Nano, we report kernel-only execution time as Nano
optimization can explore larger optimization spaces at tifkernel) and total time including the preprocessing overhead as

cost of runtime preprocessing overhead. To understand th@no (total). Figure 8 shows that while Nano (kernel) achieves
trade-off, we compare Scorch with Nan®1], a register-tiling superior performance through pattern-specialized micro-kernels,

framework for SpMM that uses of ine ILP optimization tothe preprocessing overhead makes Nano (total) exceed Scorch's
total time. This overhead is incurred for initial compilation

(e.g., in direct-mode use) and whenever the matrix changes.
Scorch achieves competitive performance while maintaining
millisecond-scale compilation (Table 1) and working directly
with standard sparse formats. Inspector-based approaches,
however, offer advantages when matrices are extensively reused,

(a) Tiling speedups (over untiled) (b) Tiling ablation TABLE [: Autoscheduling and Compilation Times (M1 Ultra)

Fig. 7: Comparison of tiling strategies across matrix categories_ Total Il__(l)_vlv%r Lg\'/\'l\‘er A%?g;%hh PAi%‘t?gS”CL?’] SSpCeoerng

and problem sizes. The left plot sllzgpws speedups from tiIin% VYRR 031 1 569 A A
: : o : p 17ms 0.31ms 1.17ms 0.69 ms

the dimensiork for SpMM (Cik = ; A Bk ). The right  Suy 139 e 017 ms 072ms 051 ms 609s 11941

plot compares the performance of untilédTiled (tiling the  spMspM 1.74 ms 022 ms 096 ms 0.56 ms 2.44s 4357

k dimension), and i-k-Tiled (tiling i and k dimensions). SDDMM 2.22ms 026 ms 1.20ms 0.75ms  N/A N/A
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