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We describe a comprehensive compilation approach for relational algebra, centered on an abstract loop-based
intermediate representation (IR) that can express fused implementations of relational algebra operators on
both sets and multisets. The loops are abstracted away from physical data structures thus making it easier to
optimize. We show how to lower relational algebra query plan trees to the IR, including the complex operators
that are used in production database systems, such as outer joins, non-equi joins, and differences. We then
show how to compile this IR to efficient C++ code that co-iterates over the physical data structures present in
relational algebra expressions. Finally, we show that our approach is portable across data structures. Since
our approach can fuse across disparate operators, it achieves a 3.8x speedup (0.8-12.1X) compared to Hyper
on selected LSQB benchmarks and worst-case optimal triangle queries. Our compiler also generates code of
high quality: it has similar sequential performance to Hyper on TPC-H with a 1.0x speedup (0.4-4.3x) and is
approaching their parallel performance with a 0.6x speedup (0.2-1.8X).
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1 Introduction

Database management systems lower SQL operations to a logical query plan consisting of a tree of
relational algebra operators like joins, filters, and aggregation, which is then optimized by a logical
query planner, e.g., to push filtering operations before others [Chaudhuri 1998; Hellerstein et al.
2007]. A physical query planner then selects implementations for operators in the query plan from
a library of implementations, such as sort-merge and hash joins, filters, and fused combinations.
By selecting from a fixed number of hand-written operator implementations, database systems
leave performance on the table. Since there is a limit to the number of variants that implementers can
feasibly write, we cannot support all operators on all combinations of data structures. Nor can we
support many fused implementations that optimize across multiple operators. Fused operators can
yield better temporal locality and, as demonstrated by the worst-case optimal join literature [Ngo
et al. 2012; Veldhuizen 2013; Wang et al. 2023], can provide asymptotically better performance than
unfused variants. The lack of fusion can therefore have serious performance consequences.
There are two relevant notions of fusion: operator fusion and loop fusion. Operator fusion com-
bines multiple operators to produce a combined operation implementation. The main mechanism
for optimization is producer-consumer loop fusion, which combines a loop that produces values
with a loop that consumes those values, reducing or eliminating temporary storage and improving
temporal locality. This type of fusion commonly occurs in pipeline and worst-case optimal join
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optimization. For example, a multi-way join (A > B > C) eliminates the need to materialize the
intermediate storage for A < B and leads to asymptotic improvement for cyclic queries (Section 2).
However, the irregular nature of relational algebra makes it challenging to automatically fuse
arbitrary combinations of relational operators. There are many different types of relational opera-
tors, such as selections, projections, group-bys, and joins (e.g., inner, outer, and non-equi joins).
Compounding the problem, relations can be stored in a diverse set of irregular data structures, such
as row and column stores, hash maps, tries, and B-trees. Fused code may therefore need to co-iterate
over an arbitrary number of irregular data structures and support a large set of join types and other
operations. Finally, in many practical databases relations are stored as multisets [Lamperti et al.
2001], which have more complex semantics than sets and thus more complicated code generation.
We describe a compiler approach to generating fused implementations of any relational algebra
operations. In addition to generating fused code for pipelines and inner joins, which have been
explored in prior work [Aberger et al. 2017; Kemper and Neumann 2011; Kovach et al. 2023;
Shaikhha et al. 2022; Wang et al. 2023], our approach supports fusion of outer, left, and right joins,
non-equi joins, differences, intersections, and unions, with set and multiset semantics. Table 1
compares our approach with the closest prior work. The approach is centered on a new intermediate
representation called ALIR that can represent the fused execution of any set of relational operators.
We describe how to automatically lower these operators to fused ALIR. The IR represents relational
operations as loops that iterate over set/multiset expressions of the values in relational attributes
(columns). By abstracting the loop domains as set/multiset expressions over attributes, we can
specify the physical data structures in a separate data structure specification language. This data
structure language generalizes the prior work on tensor format representations [Chou et al. 2018]
to relational data structures as varied as row stores, column stores, tries, B-trees, and hash maps.
Finally, building on prior work on sparse tensor algebra compilation [Kjolstad et al. 2017; Kovach
et al. 2023; Root et al. 2024], we show how to compile the ALIR IR consisting of both abstract loops
and data structure specifications into efficient fused low-level C++ code. Our contributions are:

(1) An intermediate representation (ALIR) that can represent fused relational algebra expressions
as nested loops, including non-equi joins, outer joins, differences, and multisets.

(2) A lowering approach from relational algebra to ALIR.

(3) A data structure representation abstraction that can represent multiset relation storage.

(4) An iteration machine optimization machinery for generating efficient low-level co-iteration
code for loops over multiset operators.

To demonstrate our compilation approach, we built a prototype compiler from relational algebra
physical query plans to C++ code. We show that our approach can generate efficient code without
sacrificing generality or data structure portability: compared to Hyper the performance of our
generated code on TPC-H is on average 1.0x (0.4-4.3X) in sequential execution, and 0.61x (0.2-1.8X)
in parallel execution. However, the benefit of our system is its ability to generate fused code. On
four LSQB graph query benchmarks, which provide opportunities for fusion across different types
of operators, we achieve an average speedup of 3.8 in parallel (0.8-12.1x) over Hyper.

2 Background and the Requirements of Modern Database Systems

To motivate our approach, we compare it to existing approaches to fusion of the natural relational
algebra. We then analyze what is required to generalize them to extended relational algebra on
multisets that is used in modern production database systems. First, we begin by building up the
scope of fusion made possible by these approaches, for each describing the key contributions that
make fusion possible. Next, we outline the extensions to relational algebra that we address. Finally,
we survey the challenges of these extensions and generalizing to multisets.
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Table 1. Comparison of different approaches to worst-case optimal join code generation.

Fusion
Multi-attr. Non-equi Intersections Multiset Data Structure
Inner joins iteration  joins  Outer joins Differences and Unions Semantics  Portability
EmptyHeaded [Aberger et al. 2017] 4 X X X X X 4 Limited
Indexed Streams [Kovach et al. 2023] v X X X X v X v
Free Join [Wang et al. 2023] v v X X X X v X
SDQL [Shaikhha et al. 2022] v v X X X X v X
Our approach 4 v v 4 v v v 4

First, we give some background on relational algebra and multisets. A relation is a set of tuples
of some fixed length, where each element of a tuple is called an attribute. Operations on relations
include set operations (U, N, X, etc.), projection m, which restricts each tuple to a subset of attributes,
and selection o, which filters tuples according to a predicate. A particularly important set of operators
are joins. For example, an inner join i is defined as R »g S = 0p(R X S). In an equi-join, 0 is
attribute equality. When no predicate is specified, >« indicates the natural join, which is equi-join
on attributes with the same name. Other types of joins are discussed in Section 2.2.

Multisets allow duplicate tuples by extending binary set membership to a multiplicity in N,
which we notate #M(x) (multiplicity of x in M). We define A U B = C with multiplicity #C(x) =
max (#A(x), #B(x)), and similarly #(A N B)(x) = min(#A(x), #B(x)). We then define difference as
#(A — B)(x) = max(#A(x) — #B(x), 0) and disjoint union or sum as #(A + B)(x) = #A(x) + #B(x).
We define the Cartesian product of multiset relations as #(A X B) (E, l_;) =#A(a) - #B(I;).

2.1 Fusion in Systems and Compilers for Relational and Sparse Tensor Algebra

Systems that are capable of fusing relational algebra include the HyPer compiler [Kemper and
Neumann 2011], worst-case-optimal join (WCQJ) [Ngo et al. 2012; Veldhuizen 2013] systems such
as EmptyHeaded [Aberger et al. 2017] and Free Join [Wang et al. 2023], SDQL [Shaikhha et al. 2022],
and the Indexed Streams compiler [Kovach et al. 2023] that builds on ideas from sparse tensor
algebra compilation [Kjolstad et al. 2017]. Table 1 compares our approach to these systems.

The HyPer compiler [Kemper and Neumann 2011] can fuse a linear pipeline of hash joins, filters,
and projections. These pipelines are delineated by pipeline breaker operations that require an entire
relation to be materialized. For example, a hash join requires the lookup side to be hashed, forming
a pipeline breaker; the iterator side continues the pipeline. Pipeline fusion is thus insufficient to
fuse cyclic queries such as A(a, b) < B(b, ¢) = C(c, a) [Ngo et al. 2014], which cannot be linearized.

Worst-case optimal join systems [Aberger et al. 2017; Wang et al. 2023] can fuse an arbitrary
combination of inner joins, achieving better asymptotic complexity than binary join systems on
cyclic queries. These systems expose fusion opportunities by decomposing joins by the attributes
joined. For example, the triangle join A(a, b) > B(b, ¢) > C(c, a) has three joined attributes. For each
attribute, a fused loop is generated that iterates over the intersection of the two joined relations. The
loop structure forms a hierarchy where the values of an attribute to be considered are those which
match all values of preceding attributes, requiring relations to be stored in a trie-like structure.

Indexed streams [Kovach et al. 2023] generalize fusion to include union operations in addition to
intersections. Indexed streams are built using combinators that combine two streams to create a new
fused stream along with a code generation algorithm that generates imperative code. In addition
to fusing more operations, indexed streams also supports multiple data structures through a data
structure specification language, and different relations can be stored in different data structures.

2.2 Challenges with Extended Relational Algebra

In this section we describe key extensions to the relational algebra that our compiler supports, as
well as the challenges imposed by these extensions. The natural (standard) relational algebra [Codd
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1970] consists of set operators (union, intersection, difference, and Cartesian product) along with the
relational operators projection 7, rename p, selection o, aggregation G, and join > [Garcia-Molina
et al. 2008]. By extending to multisets, the semantics of these operators are changed, and one
must also support the disjoint union +. Our approach supports multisets as well as the following
extensions that are required by SQL in most commercial databases [Garcia-Molina et al. 2008].
The extended projection operator, which also generalizes renaming, allows arbitrary computation
on attributes, e.g. 7x+y(R), which returns a single-attribute relation. The grouping or aggregation
operator, , ;G () (R) gathers the tuples for each unique value of the grouping attributes (y, z),
and performs an aggregate operator (here summation over x). Finally, the outer join operators
2 (full outer join), 2 (left join), and »< (right join) extend the standard inner join operator > by
augmenting the result of an inner join with NULL values (abbreviated as @) so that all tuples in the
left (for left joins), right, or both (full outer joins) are represented (Figure 1). A B
These extended operators pose challenges for existing approaches to fusing xy
relational algebra. Outer joins introduce several problems to worst-case optimal
joins: First, full outer joins require iterating over the union of joined attributes.
This is not supported by WCO]J systems, as they only iterate over intersections. _A~B A><B
Second, outer joins necessitate handling NULL values. While indexed streams x vy z x y z
would support fusing the outer join A >~ B when A and B only have a single
attribute each, it cannot represent the case where A or B has any additional
attributes, which would require producing NULL values. Finally, existing WCQO]J Left Right
systems do not support fusing non-equi joins, also due to their loop structure.
Furthermore, NULL values introduce another complication to approaches ’1( }1] ; 9 9 3
like Indexed Streams [Kovach et al. 2023] that build on sparse tensor algebra 2 2 3
compilation technniques [Kjolstad et al. 2017]. That line of work sidesteps Fig. 1. Binary equi-
explicitly handling fill values, since they can be eliminated by algebraic simpli- Jjoins semantics.
fication. Extended relational algebra necessitates this handling, since NULL values are part of the
output tuple. More importantly, the implication of this combined with fusion means that this NULL
handling must be part of loop domains. Consider the expression (A><B) U C. In order to fuse the
union operator, the structure of A > B must be the same as that of C. So a relational compiler must
handle NULLs within loop bodies, and they must also be part of the iteration structure itself.
Multiset handling also complicates fusion. First, relational iy, ig,ic < 0,0,0
algebra over multisets introduces a new operator, disjoint whileis < |A|Aip < |B|Aic <|C|do
union +, and adds the additional semantics of multiplicity to m < min(Alia, Blig], Clic])
all relational operators. For example, if A and B each have if Alia] = Blip] = Clic] = m then

omit m
one attribute x, the expressions A N B and A B are iden- else if A[ia] = C[ic] = m then
tical when using set semantics. This is not the case with insert m into output

multiset semantics: #(A N B)(x) = min(#A(x), #B(x)), while if Alia]l =m,ig —i+1
#(AB)(x) = #A(x) - #B(x). Second, fusing multiset opera-  advance ip, ic similarly ...

tors introduces new challenges. Consider a fused loop over the iterateover ANC...

expression (A — B) N C, where A, B, C each have one attribute. ~ Fig. 2. TACO code for (A~ B) N C
A code generation approach like TACO [Kjolstad et al. 2017] with the general expression extension
of Henry et al. [2021] produces the code in Figure 2. The code in the figure has the following
behavior (visualized in Figure 20) for the input A = {1,1}}, B = C = {1}, where double braces
indicate a multiset. In the first iteration, all three relations contain the current value 1, so the value
is omitted. However, in the next iteration, all three iterators are advanced. Since only A contains
another 1, the value is not produced, and thus no values are produced by this loop. However, the
value of (A — B) N C is {1}}. From this, we see that multiset iteration is not a straightforward
extension of existing techniques for set iteration, as they fail to correctly account for duplicates.
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Iteration Machines
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Fig. 3. Overview of our compilation approach. The frontend is outside the scope of this work.

3 Overview

We present a compiler approach that lowers relational algebra in the form of a physical query
plan along with a data specification for each relation to C++ code. Figure 3 gives an overview
of the approach and how it relates to prior work, which is shown in light gray. On the left, an
SQL query is lowered to relation algebra in the form of a logical query plan. This plan is then
optimized by a query optimizer and turned into a physical query plan where the different parts of
the graph are pinned to specific implementations. These initial steps have been explored in prior
work [Chaudhuri 1998; Tu and Ré 2015] and are outside the scope of our paper.

The compiler approach that we describe in this paper takes as input the pre-optimized query
plan produced by a query optimizer along with a data specification that describes the storage and
indexing structures for each relation. The data specifications could either be determined by users
or by an automatic index selection system.

The first step lowers the physical query plan to an IR where abstract loops iterate over set
expressions of the relational attributes (columns). This IR, called the Abstract Loop IR (ALIR),
unifies the capabilities of the TACO IR [Kjolstad et al. 2019], the indexed stream IR [Kovach et al.
2023], and Freejoin [Wang et al. 2023], while also generalizing to support multiset semantics, all join
types, and non-equi joins whose predicates go beyond simple equalities. The final code generation
step lowers the ALIR to C++ code that computes the query by co-iterating over the storage of
the relations. The code generation process uses an IR we call iteration machines that generalize
the iteration lattices from prior work [Kjolstad et al. 2017] to support multisets and the iteration
over and production of null values. We achieved this generality by reformulating lattices to state
machines, which also let us define an optimal minimization algorithm.

4 Relation Storage Data Model

How relations are stored is an important and complex part of efficiently executing relational
queries [Abadi et al. 2008; Selinger et al. 1979]. The simplest relational storage is a list of tuples in
memory. Performant databases, however, use several other advanced data structures or auxiliary
indexes to improve performance. In order to effectively fuse arbitrarily complex operations, we
define a data model that lets us break down accesses into per-attribute (per-column) granularity.
Each attribute of a relation thus has its own data storage, and implementation details of how data

is accessed is abstracted by a general interface. level 0
These attribute data structures are linked together in an abstract
structure known as a coordinate tree [Kjolstad et al. 2017] shown in G 9 level 1

level 2

Figure 4. We extend coordinate trees to relations with arbitrarily- ORONO
typed attributes, and to multisets by adding a new level for duplicates. >
We extend the iterator model using the skip (skipto) operation [Ko- L1 (1.3) 22 @22 level3
vach et al. 2023] for worst-case optimal joins, and the reset oper- Fig. 4. A coordinate tree. Nodes
ation for Cartesian products. We also note that this model is similar ~"epresent multiset elements and
to trie data structures used in WCOJ systems [Veldhuizen 2013]. paths represent tuples.
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Our approach represents a relation R with attributes ay, . . ., a, as a consisting of one level for
each attribute, in some predefined order. In a coordinate tree, attributes are stored hierarchically,
where level 0 represents all of R, and the children at level i represent the distinct values of attribute
a; of elements that match all previous attributes, with the last level holding duplicates.

The storage description for a relation consists of layer storage for each layer in the coordinate
tree. Layer storage describes how the data in each level can be accessed. For example, a layer may
be stored as a sorted list of values along with a reference to the storage for the next level, a hash
table from attribute value to row indices, or a dense set over all possible attribute values. This is
done by a small set of primitive routines, defined for each layer storage implementation.

These routines are grouped into two capabilities: lookup and iteration, and which capabilities
a layer has influences how iteration is performed for a given set of layers. For each set of layers,
the layers with iterator capability are iterated simultaneously, and the remaining layers must have
lookup capability. The choice of which layers use which capability depends both on the desired
performance characteristics and the structure of the computation, as not every choice of layer
capabilities can be used to generate correct code (see Appendix D in the supplemental material).

Lookup. Layers with the lookup capability have the interface of a membership query. The
following routines are required for a layer of type T to have the lookup capability:
init: () — () initializes a layer.
present: T — Bool returns whether or not a given value is present in a layer.
value: () — V, where V is the type of the related values, retrieves the related values and is
only required for the last layer if there are related values.

Iteration. Layers with the iteration capability (iterators) have the interface of an iterator [Kovach
et al. 2023] over the set of layer’s values, which is required to be sorted if there are any other iterator
layers participating in co-iteration, all with the same sort order. Iteration capability requires the
following routines (Figure 5 gives an example implementation for tries):

init: () — () initializes the iterator.

curval: () — T returns the value of the current element.

advance: () — () advances the iterator to the next element.

present: T — Bool, defined as present(v) = let ¢ « curval() in ¢ == v, has the same
function as for lookup capability, but it is sufficient to check the current element.

valid: () — Bool returns whether the iterator is not yet exhausted.

skipto: T — () advances the iterator to the first element greater than or equal to the given
value, which for many data types is more efficient than repeatedly calling advance.

reset: () — () resets to the beginning (optional); only required for Cartesian products.

value: () — V retrieves the related values if they exist.

This framework for describing relation storage suffices to represent many common storage types,
such as row and column storage, tries, hash and B(+)-tree indices, as well as dense and sparse
matrices. Figure 6 visualizes these data structures for the abstract coordinate tree in Figure 4.

Related Values and Primary Keys. In many relations, a small number of attributes form the
relation’s primary key, which are typically the attributes that query implementations need to iterate
over. The other attributes, which we call related values, are not typically iterated over but instead
treated as additional data to be looked up [Garcia-Molina et al. 2008]. The values in the primary
key are unique, so related values form a chain under the primary key attributes. Therefore, it is
not necessary to iterate over these attributes. Instead, they are attached to the storage for primary
keys, and iteration state is associated only with the primary key storage.
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class TrieStorage(IteratorStorage):

def __init__(self, node_name, varname, emitter, has_children, parents, pfx): row storage trie storage
super().__init__(node_name, emitter, '') X .y Xpos Xind Ypos Yind durs
# init fields varname, indname, has_children, parents, pfx, ty... [0] "L :
self.i = pfx + varname + '_i' # .val, .end, .idx... [1] . 3
self.lower = '0'; self.upper = f'{varname}.size()"' [2] T
if len(parents) > 0: self.lower, self.upper = self.parents[-1].bounds() [3] -

def bounds(self): return f'{self.idx}[0]', f'{self.idx}[1]' # trie specific

def init(self): column storage hash storage
self.emit(f'{self.ty} *{self.i} = &{self.varname}[0] + {self.lower};') x .Y hash X ¥ count
self.emit(f'{self.ty} *{self.end} = &{self.varname}[0] + {self.upper};') o1} 1] 0[2(22
if self.has_children: [1] |3 11|31

self.emit(f'size_t *{self.idx} = &{self.indname}[0] + {self.lower};"') [2]] 2 2 2|1)1f1

def advance(self): BIz] 2]
§elf.emit(f'{{'++{se1f4i}; D) ) ) B+-tree storage
if self.has_children: self.emit(f' ++{self.idx};"') left X Y right
self.emit(f' }}') --

def valid(self): return f'{self.i} < {self.end}' Xy count

def curval(self): return f'*{self.i}' [1]1]1] [2]2]2]

def skipto(self, expr): 1]3]1]

self.emit(f'{self.i} = gallop_lower({self.i}, {self.end}, {expr});') X
if self.has_children: Fig. 6. Concrete data structure

self.emit(f'{self.idx} = &{self.indname}[{self.i} - {self.varname}];"') Iayouts for the abstract coordi-
Fig. 5. Example implementation of trie storage layer. nate tree in Figure 4.

5 Abstract Loop IR

While the relational algebra is capable of expressing many types of computation across several
domains, it does not let you express fused code. Operators are inherently separate constructs and
naive execution thus results in many temporary relations. To address this issue, prior work on
worst-case optimal joins has largely adopted a nested loop-based representation [Ngo et al. 2014;
Veldhuizen 2013; Wang et al. 2023] that supports multi-way inner equi-joins.

Like prior work, our Abstract Loop IR (ALIR) representation is based on loops and focused on
expressing fusion. Our loops, however, are more general than the loops in prior work and supports
all equi and non-equi joins (not just inner equi-joins), multiset operations, union, intersections, and
differences. Moreover, our IR is abstracted from physical data and our code generator generates
specialized fused code that co-iterates over different combinations of physical data structures.

5.1 Basic structure

The syntax of ALIR (Figure 7) consists of nested loops whose iteration domain is a set or multiset
expression over one or more levels from relation coordinate trees. ALIR has four types of statements:

Emit statements (a,b,...) produce a tuple that is added to the result relation. They consist
of a parenthesized list, where each element corresponds to an attribute in the result and is
computed as a scalar expression of values from input relations and loop variables.

Aggregation/assignments such as T[x].z +=y, consist of a relation, optional scalar expres-
sions for indices, updated attribute, and scalar expression. The statement updates a value in
a temporary relation, with the indices specifying the tuple to be modified.

Let statements such as let T := S; in S, consist of a temporary relation name and two
statements. S; computes a temporary relation T that is provided as an input relation to S,.

Loops have a loop variable, a domain specified as a multiset expression, and a body. Loops
iterate through the elements in the loop domain and execute the body for each element.
Nested loop domains are implicitly correlated by coordinate tree traversal (see Section 5.2).

For example, the following inner join produces a tuple for every pair of tuples in A and in B
that match on shared attributes: R = A > B over relations R(x, y, z), A(x,y), and B(y, z). Figure 8
shows the join represented in ALIR. However, this is not the only way to encode this computation
in ALIR. For example, the loops can be reordered arbitrarily without changing the semantics of the
program, though such orderings must be consistent with the structure of the coordinate trees.
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(mexpr) := Ra | R[a=/(expr)]
| {a|(expr)} | {(expr)}
(mexpr) (mop) (mexpr)

(stmt) == for a € (mexpr) (stmt)...
| ({expr),...)

| RI[(expr),...].a o= (expr) : (mexpry forx € Ax
1 L) = i

| letR(a,...) = (stmt) in (stmt) | (mexpr) ((mexpr)) forye A.ynB.y
(expr) == o | (constant) | (expr) o (expr) | (mexpr)U o forzc Bz

pr) P i for dups € AX B

| Ra |

(mop) == U|N|—|+]|x (%, v, 2).
Fig. 7. Grammar for ALIR. R represents a relation, and « is an attribute. Fig. 8. Inner join in ALIR.

5.2 Nested loops and coordinate tree traversal

In a loop nest that iterates over multiple relational attributes, the domains of inner loops implicitly
depend on the loop variables of outer loops. For example, the loop for y in Figure 8 only iterates
over the values of A.y within the subtree corresponding to the current value of x. We use the term
subtree to denote the restriction of a relation by the values of outer loops. Since the current subtree
is determined syntactically, we leave this traversal dependency implicit in the IR.

In our IR, we allow intermediate transformations to have arbitrary attribute orderings; a permuted
ordering simply traverses a transformed coordinate tree based on the new loop ordering. While the
IR allows this flexibility while maintaining semantics, we place restrictions on the final IR used for
code generation based on how relations are laid out in physical storage. As some storage types
restrict the order attributes can be accessed, the coordinate tree abstraction has the same restriction.
We require that the final IR used for code generation must match the coordinate trees. An optimizer
should therefore be aware of the specified data layout and either ensure the loops are generated
accordingly, or it should generate temporary storage to transform the data layout.

As discussed in Section 4, it is not always desirable to model all attributes of a relation in the
coordinate tree. Besides primary keys, multi-attribute iteration is a performance optimization [Wang
et al. 2023]. In ALIR, such trailing attributes can be accessed using R.a within the innermost loop.
As a result of truncated iteration, lookups are not guaranteed to be over iterated attributes. For
example, a loop may iterate over A.x but look up B.y using A.y as follows: B[y = A.y].

5.3 Loop domains

The for loops in ALIR iterate over loop domains consisting of set or multiset expressions. ALIR
supports the following multiset operators, with standard semantics [Syropoulos 2001]: U (union), N
(intersection), — (difference), + (concatenation), and set complement. ALIR also supports Cartesian
products (X), which are only used in the innermost dups loop (see Section 6). When extended to
other loops, it becomes the natural join > and operates on unique values (e.g., {1, 1, 2} x {1,2,2}} =
{1,1,2,2}). We define U as having maximum multiplicity, not the sum, which we denote using +.

In addition to input relations, ALIR also supports predicate relations and singletons. Predicate
relations only support lookup, not iteration, and are notated using set-builder notation. Singletons
(notated {v}) hold a single value v and, unlike predicate expressions, support iteration.

In ALIR, there is special notation for certain operations that are necessary for full handling of
relational algebra with multisets. First, the notation e; (e;) notates the relations in e, as index-only
relations. Such relations are used only for traversing the coordinate tree and do not contribute to
the output tuples. The operator is necessary because ALIR loops express both the computation
domain and iteration over coordinate trees. For example, the expression A.x(B.x) is used when a
loop should iterate over the values of A.x, but we also need to traverse B.x in that coordinate tree
in order to introduce a dependency for inner loops. Index-only relations do not require the layer
to have lookup capability: it is also possible to perform co-iteration as usual, but cases where the
current value is only present in the index-only relation are discarded.
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ALIR’s NULL-padding operator (U @) produces a single NULL value when a relation is empty.
This is a property that spans all loops involving R; such loops are either NULL-padded (NP loops)
or not (join condition). Exactly one of the following cases must hold: either no NULLs are produced
and all loops involving R correspond to a tuple in R, or all NP loops produce NULL and the join
condition produces a sub-tuple that does not belong to any tuple in R.

Consider the ALIR loop example to the right, where the inner loop is NP, and
A.x U B.x is the join condition. The first case corresponds to the output tuples
(x,y) € A, and the second case to the tuples (x, NULL) for x € B.x — A.x.

Code generation (Section 8) requires all NP loops to occur after the join condition. For example,
the expression A.x U B.x (where both A and B can then be NULL-padded) has three such cases:
when x € A.x N B.x, when x € A.x — B.x, and when x € B.x — A.x. An inner loop over A.y U @ is
thus able to determine whether it is empty based on which branch is being generated.

The semantics of the NULL-padding operator does not require this restriction, though, and a loop
nest without this structure can be transformed into two separate loops with the same semantics, by
breaking it down into the two cases. First, the transformed code generates all non-NULL tuples, by
appending N R to the join condition and removing the U @ operator. Next, it generates the NULL
tuples by subtracting R from the join condition. Since the identity X N R + X — R = X holds for
multisets X, R, the behavior of the transformed loops is equivalent to the original.

for x € AxUB.x
forye Ayuo
(x.y)

6 Lowering from Relational Algebra

The lowering procedure from relational algebra to ALIR lowers a physical query plan with an-
notations that influence the lowering process. This query plan is a graph of standard relational
operators, where each operator may be annotated with any combination of PErM(7, i), PRECOMP,
as in Figure 9, and loop tags (Appendix E in the supplemental material). PERM determines loop
order and PREcOMP is a pipeline breaker that splits the query plan into sections that are lowered
separately and joined together. The lowering procedure then applies rules for each type of operator,
proceeding from inputs to outputs. These rules are given in Appendix A in the supplemental
material. The PERM and PrREcomP rules introduce nondeterminism into the lowering process, as
they can be applied to any expression, making rule selection nondeterministic. These rules must be
specified in the query plan and are discussed in detail below. Some rules, such as Op and CoNcAT,
overlap; the most specific rule (here CoNCAT) is used by default unless a similar annotation is given.

let T =

for x € AxUB.x for x € Ax(C.x)

fory e A.yuU (B.ynC.y)
forze AzUC.z
for dups € AU (Bx C)
(x’ y’z)
in
forx e TxUT' .z
foryeT.y
forzeT .y
for dups € T x T’
(x’ y’z)

Fig. 9. Example physical query plan with PERM and PRECOMP annotations
for 1 x1.4,177.4(PT(AU B b4y C) M1 =172 pr7(AUB >y C)) (p renaming
the temporary relation). T” denotes another cursor for the same T.

for y € (A.yNnB.y)(C.y)
for z € B.z(C.z)
for dups € (AXB) - C
(%, y,2).
Fig. 10. ALIR for (A= B) — C.

let T(Zx, y) =
forx € Ax
foryec Ay
Tly].Zx +=A.x
in
for 3Xx € T.3x
(2x?).

Fig. 11. 75,2 (ng(x)A).
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Duplicate handling. When evaluating relational algebra expressions with multiset semantics,
we must take care to properly handle duplicate entries. For example, while a multiset intersection
matches on pairs of duplicates and produces the same number as in the smallest operand (e.g.,
A(x) N B(x) = {1,1}} n {1,1} = {1, 1}}), a multiset inner join produces the Cartesian combination
of matches (e.g., A(x) = B(x) = {1, 1} {1, 1} = {1, 1,1, 1}). The reason is that inner joins are
defined in terms of a filtered Cartesian product: A(x) b4 x=p.x B(x) = 0ax=p.x(A(x) X B(x)).
Our approach to producing Cartesian combinations of duplicates for join operators is to place a
duplicates loop as the last loop level. The duplicates loop iterates over the Cartesian combination of
matching duplicate entries from the two sides of join operators, thus generating the correct number
of duplicates. Thus, the difference between a relational multiset intersection operator and a multiset
inner join is clearly reflected in the ALIR loops. For example, the expression A(x, y) < B(y, z) —
C(x,y,z) requires a duplicates loop to be computed without temporary storage, as shown in
Figure 10. Note that C is an index-only relation in every attribute except the duplicates loop.

6.1 Non-join operations

Projection is represented by replacing the tuple output statements. For example, the ALIR for
T(x,2+1) (A), where A has attributes (x, y, z), replaces the tuple (x, y, z) with the tuple in the projection,

~ Tre~for...(2) Tre: (X)
(x,z + 1). The replacement rule is ——[Proj], where ' e ~» P states
[+ zz(e) ~ for... (g[z/X])

that given schema I', the expression e is lowered to program P. The rule is read as follows: To lower
the expression 7 (e), first lower e. Then lower 7 by replacing the actual value z for each attribute
x specified in the projection expression y as the output tuple and reusing the loop structure of e.

Selection operations are represented by an intersection with a relation that encodes the predicate
as a set builder. For example, the ALIR loop for the attribute y in ¢y is cven(B) has the domain
y € Byn{y | yis even}. To lower a selection oy, an intersection with {x; | ¢} is inserted at a loop
where all variables are defined.

To represent aggregation in ALIR, the tuple output is replaced with a compound assignment. For
example, Figure 11 shows the ALIR code for the relational expression 7(s,2)(yGs(x) (A)), which
first aggregates the sum of x grouping by the values of y and then squares the sum, discarding y.
This first performs the aggregation into a temporary relation T, then performs the projection to
produce the final output. In general, aggregation is always performed into a temporary or the result,
as intermediate values must be stored somewhere. Thus, for a fully-fused expression, aggregation
must occur at the outermost level. As such, the AGa rule is a pipeline breaker, similar to PREcomP.

6.2 Inner joins

We represent inner equi-joins using a loop structure that is the same forx e AxnCx
forye A.ynB.y

as prior work on worst-case optimal joins [Kovach et al. 2023; Ngo forz € BzNCz
et al. 2012; Veldhuizen 2013]. First, all attributes in the joined re- (x, 4, 2).

lations are nested into loops, and then loops for joined attributes
are fused using the intersection operator. For example, the triangle
join A(x,y) > B(y, z) ™ C(x, z) is shown in Figure 12. The resulting loops each iterate over the
intersection of the corresponding attributes in the two relations for each joined attribute (x, y, z).

Fig. 12. ALIR for triangle join.

6.3 Outer joins

It is essential to handle the full set of outer joins (full outer join, left join, right join, and fused
combinations thereof) to support the complete extended relational algebra supported by most
commercial relational database management systems and a key generalization of our work.
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To represent outer joins in ALIR, we only need to consider what forye AyuBy
the requisite domain is for each nested loop. Non-join attributes are f°fro’: : EA}; :UQQ
either unchanged (both sides in inner join, LHS of left join, RHS of right (x4, Z)'.
join, pelther side in full out.er. Jom) or are poss.lbly augrpented Wllﬂll an Fig. 13. ALIR for A><B.
additional NULL value. The join dimension (which combines both joined
attributes) simply follows the semantics of the corresponding join type: the intersection of the
joined attributes for inner join, union for full outer join, and only the left/right relation for left/right
join, though left/right joins require special handling as described below. For example, a full outer
join A< B can be expressed using the ALIR in Figure 13, using the special U @ notation.

Left or right joins illustrate the necessity of index-only relations, relations

whose values are needed but will not be iterated over. Consider the ALIR fory € Ay(B.y)

f € A.
in Figure 14 for the left join A2« B. We would like the loop z € B.z U @ to ofro); ze ;Z U
only iterate over the values of B.z for the tuples where B.y = A.y. Without (%, 4,2).
the index-only relation indicated in red, B.y is not present in the IR, so the Fig. 14. A B.

correct ALIR must use index-only relations to traverse the coordinate tree.

6.4 Non-equi joins

ALIR can also handle non-equi joins in full generality (joins over an arbitrary predicate, and not just
equality). An inner join A pg B with an arbitrary predicate 6 is equivalent to op(A X B). Using this,
an example non-equi join A 4 y<B.y B can be naturally expressed in ALIR, as shown in Figure 15
(left). There is one loop for each attribute, and the filter A.y < B.y is inserted at the outermost valid
location, which is the loop for B.y, resulting in the domain B.y N {y | y; < y}.

However, a problem arises with outer non-equi joins, which cannot be described using a simple
translation. The semantics of such joins is that in addition to the tuples produced by the corre-
sponding inner join, tuples from the left relation (for left and full outer joins) and/or right relation
(for right and full outer joins) are included if they would not otherwise be present, with the missing
values substituted with NULLs. The results of each type of join for the predicate A.y < B.y on the
data A = {(1,1),(3,3)}, B = {(1, 2), (3,4) }} are shown below:

A ™A y<B.y B ANA4y<B.y B A >CA.y<B.y B AMA.y<BAy B

x Ay By z x Ay By z x Ay By z x Ay By z

1 1 3 4 1 1 3 4 1 1 3 4 1 1 3 4
3 3 1 2 3 3

Temporary storage is unavoidable to represent these operations. Our system decomposes them
into an inner join computing into a temporary that is used to compute the full join, adding in
missing values. For example, the left join A4 ,<p 4 B generates the ALIR shown in Figure 15
(center). This differs in duplicate handling from a projected left join, which results in the duplicate
expression dups € T X A U @ that produces extraneous duplicates for every duplicate tuple in A.

for x € A.x
fory; € Ay let T(x, y1, y2, 2) =
let T(yz,z) = ANA.y<B_yB
forx € A.x OA.y<B.y(B) in
fory; e Ay in A4 y<p.yBusing T...
fory, e Byn{y| y1 <y} fory, e T.y, UQ for y, € B.y(T.y,)
forz € B.z forzeTzUQ forzeBz-T.z
for dups € AX B fordups e TU® for dups € B
(x, Y1, Y2, 2). (x, Y1, Y2, 2). (2,2, ys,2).

Fig. 15.  Three non-equi joins for the expression A.y < B.y. From left to right: inner, left, and full outer.
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The same idea can be used for full outer joins, but when augmenting the result with B, the
outermost loop is A.x(T.y) U @. As the presence of @ depends on values only produced in a later
loop, this cannot be used to generate code. The lowering process fixes this by splitting the loop in
two, with iteration order switched for the second. This is shown in Figure 15 (right), and is the
result of eliminating the invalid padding by the transformation described in Section 5.3.

6.5 Precomputation and Permutation

Although a primary goal of our work is to express fused loops, many let T(x, y) =
situations benefit from not fusing, or partially fusing, loops, such as forx € A.x
. 1 . forye Ayn
when avoiding excess recomputation. ALIR supports such cases through (g | %+ 4 = 12}
precomputation of temporary relations. Precomputation computes a (x, v).
temporary relation that is then used in another computation, and has the in
effect of unfusing loops. For example, the expression 0,2, 2_,2(A) = B fory e T.ynB.y
that computes a filtered version of A joined with B could be computed by forz e B.z

first creating a temporary relation T'(x, y) corresponding to o2, 2,2 (A), forxeTx

and then performing an inner join between T and B. This is shown in (% 52).

Figure 16. This can improve performance as we can skip all work in the 8- 16- ALIR for oz, o2
inner loops for values of y where no matching x exists. The storage of (4) >« B with temporary T.
temporary relations must also be specified in the storage description separately from the IR.

The Precomp rule applies to any function of an expression f (e); therefore, an expression which is
used multiple times can be precomputed once, and the result used multiple times, such as in Figure 9.
Then if the inner expression is lowered to P, and f(T), where T is a new temporary relation, is
lowered to Q, we have that the original expression f(e) can be lowered to let T := P in Q.

Similarly, loop ordering can greatly impact performance, and we use a similar transformation
rule to permute loops. The PErM rule allows for permuting loops arbitrarily, with the predicates
permuted separately such that variables are not used outside of where they are defined.

6.6 Set semantics

ALIR supports set semantics automatically, as sets are multisets and all multiset operations applied
to sets have equivalent semantics. However, if relations are known to be sets, then certain operations,
such as set complement, become possible, and multiset-specific handling can be omitted. These
simplifications are performed as a post-processing step after lowering is completed.

In particular, there are two main changes for set semantics compared to multiset semantics. First,
during lowering to iteration machines, the multiset-specific “not ready” behavior can be replaced
by omitter behavior, which is slightly cheaper and can reduce the size of the minimal iteration
machine. Also, iteration machines only involving sets allow the complement to be defined.

Second, in the ALIR itself, the duplicates loop can be simplified and often omitted. For a set
relation R, if R is required in all parent loops (D — R is empty for all domains D), then it can be
replaced by a singleton set 1. Then by applying identities 1 X 1 =1U 1 =1N1 = 1, the duplicate
loop domain can be simplified, and if the resulting domain is 1, then it can be removed entirely.
For queries involving concatenation or differences, as well as queries that mix set and multiset
relations, the duplicates loop cannot be eliminated but can often be simplified.

7 Iteration Machines

A key feature of ALIR is that loops iterate over set/multiset expressions of relational attributes. This
design abstracts loops from the physical data structures that store the relations and make it easy to
express fusion, as shown by the loop over the x attributes of three relations in Figure 17. This loop
could, for instance, result from a fused combination of an inner and an outer join. To efficiently
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C runs out,

forx € (ANB)UC
(x).

A or B runs out

)

Fig. 17. Fused loop, Venn diagram, iteration lattice for (AN B) U C. Fig. 18. A®B

execute it, we must lower it to efficient low-level code that co-iterates over actual physical data
structures, such as a column store or a trie.

A key part of this lowering algorithm, described in Section 8, is an intermediate representation
called iteration machines that is generated from ALIR loop domains. Iteration machines are deter-
ministic finite automata (DFAs) that represent how optimized co-iteration over sorted relational
attributes transitions to progressively simpler types of iteration as relations run out of values,
as well as what tuples are emitted based on what relations contain a particular value. They thus
capture and generalize the intuition behind the conventional implementation of binary merge-join,
where loops exit as soon as any side runs out of values. We explain the semantics and construction
of iteration machines in this section and show how to use them to generate code in Section 8.

7.1 Background on Iteration Lattices

Iteration machines are inspired by the iteration lattices developed by Kjolstad et al. [2017], but are
simplified and generalized to support relational algebra and multiset semantics. Unlike iteration
lattices, iteration machines can have attributes over non-iterable spaces (e.g., the set of all strings),
have an optimal minimization algorithm, and support the iteration domain of operators such as
multiset difference and and disjoint union/concatenation. Figure 19 shows an iteration machine and
its execution for a complex multiset expression that could not be represented by iteration lattices.

We first give some background on iteration lattices that also applies to iteration machines. We
then give a new but equivalent presentation of these ideas as DFAs and a floor function to motivate
the novel ideas in iteration machines. Figure 17 shows an iteration lattice. Starting from the top,
each node represents a set of relations that must be considered. For example, A, C can be treated the
same as C, so it is not included. Edges are inserted between nodes for transitions when a relation
runs out of values. Henry et al. [2021] extended iteration lattices to general array programming,

int *A_i, *A_end, *B_i, *B_end, *C_i, *C_end;

A B C  result while (A_i < A_end && A_i < B_end) { // A, B, C
int min_i = min(*A_i, *B_i, *C_i);
0 (AUB-ANB)NC if (*A_i==min_i&&+B_i==min_i&&+C_i==min_i) {

++A_i; ++B_i; ++C_i;

0(A,B)
1 N } else if (*A_i == min_i && *C_i==min_i) {
- emit(min_i);

\ ++A_i; ++C_i; if (*B_i == min_i) ++B_i;
2 } else if (*B_i == min_i && has_C) {
emit(min_i);
: ++B_i; ++C_i; if (*A_i == min_i) ++A_i;
> } else {
3 if (L. )+HACL;if (L. ) +Bll;if (L. ) ++Cli; 3 )
while (A_i < A_end) { // A, C
4 int min_i = min(*A_i, *C_i);

if (*A_i == min_i && *C_i == min_i) {
emit(xA_i); ++A_i; ++C_i; }
else { if(...) ++A_i; if(...) ++C_i; } }
// ... B, C analogous to A, C

Fig. 19. An iteration machine for a loop over (AU B — AN B) N C, where A, B, C have trie storage (Figure 5).

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 205. Publication date: June 2026.



205:14 James Dong and Fredrik Kjolstad

Al 1 A:1 |1 Al 1 A:1 |1
B:|1 B:1 | B:|1 B: 1 |
C:|1 C:1 | C:|1 C: 1

Fig. 20. Iteration state for an incorrect (left) and a correct (right) IM. Red bars are positioned before the
current value of each iterator. For each IM, we show the initial state and the state after one iteration.

including set complements, introducing omitter nodes that influence case handling. Figure 18
includes an omitter node A, B that indicates that this case is not part of the iteration domain.

Within a loop, the compiler must generate different code, splitting each iteration into multiple
cases depending on what relations contain the current value. This process of case handling involves
determining what cases need to be handled, the conditions for each case, and how iteration proceeds
for each case. For any possible set of input relations that contain a given value, an iteration lattice
assigns a representative state (node). This is the key reason why iteration lattices are useful for
code generation: iteration lattices precisely capture the behavior of an expression by splitting the
space of combinations of input relations (Venn diagram) into disjoint spaces each represented by a
state. Then if one looks at the node corresponding to the inputs that have not dropped out, only
cases corresponding to reachable nodes need to be considered.

For example, in the example of (A N B) U C, the set of inputs {A, C} can be handled exactly the
same as the set {C}, as once B runs out of values, it does not matter whether a value is in A or not.
Therefore, we assign both of these sets the representative of {C}. And by looking at the iteration
lattice, it is clear that this case only needs to be checked in states (A, B, C) and (C).

For an iteration lattice and set of inputs, the representative is given by the floor function, defined
precisely in Appendix C. The transition function § for an iteration lattice is uniquely determined
from the set of states using the floor function.

To give intuition for what this function represents, we look at the Venn diagram in Figure 17. We
color in this Venn diagram according to the nodes of Figure 17 for A N B U C, bottom up. We first
color C orange, then A N B (representing (A, B)) red, and finally A N B N C yellow. These colors
represent which node is a representative at any given point in the Venn diagram: even though
AN Cis not present in the IM, we see that it is covered by its representative C.

Each node in an iteration lattice may be labeled with one of two possible behaviors: producer
(input that produces a value) or omitter (input that does not not produce a value). Iteration machines
introduce a third behavior, 0 (not ready to produce output, but values may remain), discussed in
the following section and used in construction. Let 7 (n) represent the label of the node n, where
T represents producer, L omitter, and () not ready. Then we can define the interpretation of M at

value p as [M](p) = I (floor(p)).

7.2 Iteration control

Applying this procedure directly to multisets works well for multiset union and intersection (see
Section 2 for definitions), but a problem arises when we try to handle difference. To illustrate this
problem, we look at the expression (A — B) N C on the inputs A = {1,1}}, B = {1}},C = {1}. The
correct result should be (A — B) N C = {1}}. A minimal iteration lattice for this expression has
nodes {(4, B,C), (A, C), ()} and interpretation J (A,B,C) = L, I (A,C) =T, I() = L.

But applying this iteration machine produces the incorrect behavior shown in Figure 20 (left).
First, since 1 appears in all three inputs, it falls into representative (A, B, C), which has interpretation
L. To proceed, all three inputs are incremented, since they all contain 1. However, the next state
has representative (), since a second 1 is only contained in A; since 7 () = L, the output is {}.
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This problem arises due to misalignment resulting from empty spaces from the difference operator.
To fix this, we can treat these empty spaces separately, and instead fast-forward until a value is
ready or we run out of values; equivalently, we delay processing the inputs not involved in the
difference until we are past the empty space. These semantics cannot be modeled in an iteration
lattice, as they do not encode iterator advancement in their semantics; in every case, all iterators
containing the minimum value are incremented. To allow such semantics, we encode advancement
in the behavior of iteration machines. For this example, we can assign the behavior 0(A, B) to
(4, B,C), meaning that only A and B should be incremented, producing the correct output. The
“not ready” behavior () has the same execution semantics as L, but it must be distinguished from L
in IM construction (discussed in the next section).

Disjoint union. In many cases, disjoint union is not combined with other operators and the
iteration order does not matter; in such cases, it is best to use two separate loops (the Concar rule).
When this does not apply, the disjoint union operator must be handled in the iteration machine. It
is treated similarly to union, except that the behavior of nodes where both sides are present only
advances one side, leaving the other side to be iterated in the next iteration. This requires T to
have a N parameter, like Q(N) ).

Multiple cursors. Multiple cursors are necessary in situations where the same input needs to be
both advanced and not advanced. For example, consider the expression (A — B) U (C — A). In the
(A, C) state, the right-hand side of the union is not ready, so we only want to advance the inputs
on the right-hand side (A and C). However, A is also present on the left-hand side. To solve this, we
must split iteration over A into multiple cursors.

7.3 Generation

Iteration machines can be generated bottom-up, from single set to expressions, using the product
construction for DFAs. In particular, the product construction simplifies generation compared to
iteration lattices, as getting the correct behavior does not require any special case handling.

Segment rule The iteration machine for a single set A has two nodes: (A) and (), where
T (A) =T(A),Z() = L. (See Section 7.2 for a description of the notation T(K]).)

Complement rule The complement of an iteration machine can obtained by simply reversing
the behavior of all nodes (T to L and vice versa.) Since complement is not well-defined for
multisets, we do not need to handle 0.

Product construction To generate the iteration machine for a binary operator E; o E,, we use
a product construction similar to that for DFA intersection and union described below.

Depending on the operator o, the interpretation for a resulting node u; U u; in the product

construction is given by 77 (u1) o Z;(uz), defined as follows:

e O(N) o O(M) = O(N U M).

. @(1\7) ov=000(N)=0(N), forv e {T(M), L}, except O(N) N L = L.
T(N) + T(M) T(N) Otherwise, + behaves the same as U.
T(N) T(M) = (Z)(N U M) In set semantics, T — T = L, so that complement is well-defined.
T(N) N T(M) =T(N) U T(M) = T(NUM).
e T(M)UL=1LUT(N)=T(N)-L=T(N).
e Otherwise, I; o I, is given by the standard interpretation of U, N, —, etc.

Observe that 0 has distinct construction semantics from L in that it delays all other relations,
implementing the iteration control in Section 7.2. The Cartesian product X behaves the same as
intersection, but instead of u; U u,, the node is instead labeled with {R; X Ry | Ry € uy, Ry € uy}.
These nodes require special handling in iteration.
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Algorithm 1 Product construction for IM generation

procedure ProbucT(Ny, 11, Ny, I3, 0)
ON,T,E— {(T1, T L{}L{} {} > T is the maximum element; edge info is used for minimization
while Q is not empty do
uy, up «— pop(Q)
1« u; Uuy, or {R1 X Ry I Ry € u, Ry € uz} if ois X
skip to next pair if / € N; otherwise add [ to N
I() « Ii(w) o I (u2)
forr € I do > where an input r € [ if r is contained in any product
o1, vz « floor; (uy — {r}), floors (uz — {r})
add edge (uy,uz2) — (v1,02) toE
Q< QU {(v,v2)}
return N, 7 E

Algorithm 1 shows product construction. It performs a breadth-first search on the product DFA
by simultaneously traversing the left and right iteration machines. For each pair u;, u,, the result
node is labeled with the union u; U uy (if not product), and its interpretation is given above. Then,
we proceed on each transition r in u; U uy. The algorithm terminates when all nodes are discovered.

7.4 Optimization

Consider the two iteration machines (IMs) in Figure 21.
Both IMs represent the same expression A N B, but the
second has more nodes. To speed up iteration and reduce
the generated code, we want to ensure that a minimal Fig. 21. Two distinct IMs for A N B, with
number of nodes is generated. To do this, our system runs  omitter nodes crossed out. Edge labels and
a minimization step after product construction. self-loops are omitted.

Consider a node n. It can be removed only if removing it produces a valid IM M’, and for all p,
floor(p) =n = (I'(floor’ (p)) = I (floor(p))), where floor’ (p) is the node corresponding to p
in M’. In fact, this is true whenever I (n) = 7’ (floor’ (n)). Observe that removing a node can never
cause another node below it (i.e. a subset) to be removable, so removability only flows upwards.
Thus, we can minimize iteration machines by traversing from bottom to top; the full algorithm
with proof of optimality is in Appendix C.

To process index-only relations, we do the reverse of this process, adding in nodes as necessary
to distinguish the specified relations for every node; see Henry et al. [2021] and Appendix E.

8 Code Generation

To generate executable code from ALIR, two pieces are necessary: an iteration machine for each
loop domain, which captures the structure of the generated loops; and the data representation of
each relation. Given this information, our system can generate optimized C++ code.

Figure 22 shows an end-to-end example of compiling a triangle join, given a physical query plan
and trie storage specification as shown in Figure 5. The compiler lowers the query plan to ALIR,
generates an iteration machine for each loop domain, and applies Algorithm 2 generate C++ code.

8.1 Loop generation

Algorithm 2 shows the code generation algorithm for loops. After generating the iteration machine,
the algorithm initializes variables for each relation. Then, for every state in the iteration machine
in topological order, a loop is generated with the condition corresponding to the required iterators
for that state. During iteration, the current value being processed is indicated by the minimum
value (min) of all iterators. Next, galloping (Appendix E) is performed on relevant iterators to skip
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int *ab_a_i = &ab_a[0] + 0; int *ab_a_end = &ab_a[0] + ab_a.size();
A™pg=CaB™pc=c.C size_t *ab_a_ind_i = &ab_a_ind[0] + 0;
int *ac_a_i = &ac_a[0] + 0; int *ac_a_end = &ac_a[0] + ac_a.size();

size_t *ac_a_ind_i = &ac_a_ind[0] + 0;
while (ab_a_i < ab_a_end && ac_a_i < ac_a_end) {
int aa = std::min(xab_a_i, *ac_a_i);
0 e int gallop_aa = std::max(*ab_a_i, *ac_a_i);
if (aa != gallop_aa) {
ab_a_i = gallop_lower(ab_a_i, ab_a_end, gallop_aa);
ab_a_ind_i = &ab_a_ind[ab_a_i - ab_al;
ac_a_i = gallop_lower(ac_a_i, ac_a_end, gallop_aa);
ac_a_ind_i = &ac_a_ind[ac_a_i - ac_al; continue; }

u if (xab_a_i == aa && *ac_a_i == aa) {
// vars...
forae AanC.a while (ab_b_i < ab_b_end && bc_b_i < bc_b_end) {

forbe AbNB.b int ab = std::min(*ab_b_i, *bc_b_i);
/* ...gallop ab, bc... */
forceCcnBe if (ab_b_i == ab && +bc_b_i == ab) {
(x, y, 2). // vars...
while (bc_c_i < bc_c_end && ac_c_i < ac_c_end) {
int bc = std::min(xbc_c_i, *ac_c_i);
/% ... gallop bc, ac ... */

@ @ if (*bc_c_i == bc && *ac_c_i == bc) {
emit(aa, ab, bc);
++bc_c_i; ++ac_c_i; }
else { /* dead with galloping */ }
()

++ab_b_i; ++bc_b_i; ++bc_b_ind_i; }
else { /* dead */ }
++ab_a_i; ++ab_a_ind_i; ++ac_a_i; ++ac_a_ind_i; }
else { /x dead */ }

Fig. 22. End-to-end code generation example for triangle join (duplicates loop omitted to reduce the generated
code). Left: query plan, ALIR, iteration machines. Right: generated C++ code, simplified for brevity.

Algorithm 2 Code generation for loops

procedure GENERATELoOP(loop domain D, body, storage description for each layer)
M « generate iteration machine for D
emit (R.init()) for each layer R
for each non-empty state S in M in topological order do
emit while (/\Reiteratorsns (RValld() )) {
compute minimum value m of (R.curval()) for each iterator layer
compute galloping value g (Subsection ??)
if g # —co then
emit if (m # g) { advance all iterators to g using skipto; continue }
for each reachable state T from S in topological order do
emit if (A\ger(R.present(m))){
if I7(T) = T(R) then
emit body for state T
advance iterators in R
else > 7 (T)=1,0
advance appropriate iterators (either all iterators in T or RifT (T) = Q)(I-é’).
emit }

emit }

past values with forward recursive doubling. Finally, the algorithm emits a series of branches to
determine correct behavior based on which relations contain min. Within each branch, the loop
body is emitted if the corresponding state is a producer, and the appropriate iterators are advanced.

As described in Section 7, multiple concrete loops may be generated for each abstract loop. Each
state in the iteration machine results in one loop, unless no producer node is reachable. By ordering
the loops in topological order, control flow moves automatically between loops as relations run out
of values. With this ordering, the algorithm ensures that the IM edges are followed correctly.
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8.2 Case handling

Case handling is similar to loop generation. For each iteration machine state, the generated code
has a branch that tests if the current iteration state matches. Since the current value being iterated
over is min, it tests each input relation R using the method R.present(min). A branch matches
if all relations in its label are present and the current state does not match a more specific state.
To handle overlapping states, it is sufficient to test them from most specific to least specific. The
code only needs to handle states reachable from the state corresponding to the current loop, as
unreachable states involve an exhausted input. By the structure of iteration machines, a state A is
reachable from B only if A C B.

At the end of each case, we need to advance the appropriate iterators. For L case, this is every
iterator in the corresponding state, and for T(ﬁ) and 0(ﬁ), this is R. Product relations (as produced
by the product construction for X) require special handling; see Product.Next [Root et al. 2024].

9 Evaluation

The purpose of our compiler system is to enable fusing relational operations before lowering to
code that operates on specific data structures. Our compilation strategy has four advantages:

(1) The code generator can generate efficient code for any relational algebra operation. In addition
the generated code generate code is competitive with leading database systems on the TPC-H
queries for which they were optimized (Section 9.1).

(2) The code generator can generate code that is fused through two or more joins to generate
worst-case optimal join implementations (Section 9.2).

(3) The code generator generates nested loops that iterate hierarchically over attributes, which
enables filter operations to skip over many rows at a time (Section 9.3).

(4) The code generator can generate code that is portable across data structures, which allows
for flexibility depending on the application (Section 9.4).

All benchmarks were run on dual Intel Xeon E5-2640 v4 CPUs with 251 GiB of memory. Bench-
marks are single-threaded where not otherwise indicated.

To evaluate our approach, we implemented a prototype backend from ALIR and data represen-
tations to optimized C++ code using the techniques in Sections 7 and 8. This prototype does not
currently support the frontend lowering from query plans to ALIR, but we implemented a frontend
that lowers TPC-H SQL queries to ALIR. We then manually optimized this code and hand-wrote
ALIR code for other queries than TPC-H. For each database system, we added primary key indices
to account for the difference in data representation. Next, to run the queries, we ran our code
generator on the ALIR, which produces C++ code. The time taken to generate C++ code from our
Python DSL ranged from 0.04s to 0.14s (geomean: 0.06s; see Appendix B), which includes file I/O.
Our prototype code generator is written in Python and no effort has been made to optimize its
performance, so the compilation speed could be further optimized as necessary.

The generated C++ code was then compiled using g++ 10.5.0 to produce the final executable.
Compilation times are excluded from the results. Queries are run three times and averaged. The
time spent loading data into our data representation is excluded. Scale factors used for evaluation
were 5 for TPC-H and 10 for LSQB. Data for additional scale factors is present in Appendix F.

9.1 Generality and Baseline Performance

Our compiler approach is designed to provide support for fusion and data structure portability across
any relational operator. To demonstrate that ALIR does not introduce high overhead in providing
these capabilities, we demonstrate that the performance of the generated code is comparable to
modern database systems on TPC-H [Council 2022] queries for which they are optimized.
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Fig. 23. TPC-H results for scale factor 5. All results normalized to DuckDB.

We evaluate TPC-H queries using our system, DuckDB, Hyper, and hand-written TPC-H
queries [Palkar 2017]. As shown in Figure 23, we outperform all databases in 10/22 of the bench-
marks when run sequentially, achieving 0.29-4.34x speedup (geomean: 0.96x) compared to the best
alternative, with geomean 1.00x compared to Hyper. In parallel, we outperform the other databases
in 6 of 22 TPC-H benchmarks, achieving 0.23-1.80X speedup (geomean: 0.60X, vs Hyper: 0.61X).

To demonstrate our compiler’s ability to efficiently fuse diverse operations, we also evaluated four
queries from the LSQB [Mhedhbi et al. 2021] benchmark, against DuckDB [Raasveldt and Miihleisen
2019] and Hyper [Kemper and Neumann 2011] using the Tableau Hyper APL These queries include
diverse operations such as unions, non-inner joins, and anti-joins. Our code generator generates
fully fused code, i.e. code that does not require temporary storage, for all queries except Q4 which
can be fused but benefits from partial fusion. The results are shown in Figure 24 for both sequential
and parallel execution. The LSQB queries end with a count operation in order to not stress client
applications. While the other database systems materialize the output tuples, our system optimizes
this away and only returns the count. To make the comparison more informative, we configured
our compiler to emit each tuple into a temporary buffer. If we let it optimize away this operation,
its performance increases by up to 7.5x: sequential speedup is 7.5% for Q6 and 2.9x for Q9 and
parallel speedup is 4.8x and 2.6X. Q2/Q4 speedups are within variance.

For query 2, our sequential code generated by our approach is slower than Hyper (0.66%), but
achieves a 2.84x parallel speedup. For query 4, sequential runtime is the same as Hyper, but we are
slower in parallel (speedup: 0.82x). Queries 6 and 9 are significantly faster: Q6 has a 6.43%/7.61X
sequential/parallel speedup, and Q9 has a 14.58x/12.12X sequential/parallel speedup.

= B Ours (seq) Hyper (par)

E 10? _ Ours (par) I Free Join (seq)
= oot i

- I DuckDB (seq) B Factorized (seq)
& 10 DuckDB (par) Factorized (par)
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Fig. 24. LSQB results for scale factor 10.
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We attribute the significant speedup in queries 6 and 9 to a more efficient query plan that
uses a multi-way join and hierarchical iteration to improve query performance. The query plans
generated by both Hyper and DuckDB compute a binary join between Person_knows_Person
and Person_hasInterest_Tag before performing another join on Person_knows_Person. In
contrast, our query plan defers iterating through tags until all three people have been determined,
and for Q9 it uses a multi-way join with the anti-join on knows.

We also compared our approach to Free Join [Wang et al. 2023]. Free Join does not support
non-equi joins or non-join operations, so it only applies to queries 1-5 (Q6 requires that person3 #
personl). Our approach is 1.21x faster on Q2 and 0.47X slower on Q4. The slowdown on Q4 is due
to their use of a factorized output representation, which is orthogonal to the ideas presented in this
paper. If we modify the code generated from ALIR to use a similar representation, we get a 1.32X
speedup compared to Free Join. These results are mainly due to overhead rather than a different
query plans, but we note that our approach fully fuses Q4 while Free Join requires two queries.

9.2 Fusion and Triangle Joins

In addition to the fusion in TPC-H and LSQB queries above, we explicitly demonstrate the ad-
vantage of fusion by evaluating our approach on the triangle-finding query [Ngo et al. 2014]:
A(a,b) = B(b,c) xC(c,a), where A,B,C = {(1,i) | i€ 1,....,n} U{(i,1) | i € 1,...,n}, which
requires ©(n?) runtime for any join-based execution strategy. However, our approach can generate
code with optimal asymptotic efficiency ©(n) for this query, as shown in Figure 25. As shown, we
significantly outperform both DuckDB and Hyper, which exhibit quadratic scaling.

Our ALIR-to-C++ code generator can generate both versions of the triangle join proposed by Ngo
et al. [2014]. We compare the two algorithms in Figure 25: the Heavy-Light algorithm, described
in Appendix E, and the Generic Join algorithm, described in Figure 12. The heavy-light version
is slightly slower (0.47x) than Generic Join, but this is entirely due to the cost of lookups. When
hash table lookups are replaced with an arithmetic oracle (1 < a, b < N, min(a, b) = 1), heavy-light
becomes slightly faster (1.29x) due to the decreased complexity of the loops and because all branches
are predictable. This demonstrates the utility of having dynamic selection of data structures.

9.3 Hierarchical Iteration

To clearly show the performance advantage of hierarchical iteration, we compared flat and hierarchi-
cal iteration on a simple query, shown in Figure 26, on the Twitch Gamers network [Rozemberczki
and Sarkar 2021]. For this query, the filter on u is able to remove a large portion of edges (selectivity
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1/159.9), which allows us to skip processing them entirely using hierarchical iteration. For this
evaluation, we used column storage for both queries; trie storage would show a greater performance
difference for this query, as the non-matching rows could be directly skipped over.

9.4 Data Structures

Databases support several internal data structures for different access patterns. For example, sort-
merge join requires both inputs to be sorted and hash join requires one input to be hashed. We
compared these algorithms in our system by varying the storage of the joined relations. As shown
in Figure 27, we compared sort-merge join, sort-merge join with galloping, and hash join. The
results show the runtime of intersecting two relations A and B, each sampling dN elements from
[1, N], for three choices of densities d4 : dp. In all cases, N = 10,000,000. The native bar shows a
hash join using a C++ unordered_map, for when a user already has the data in memory, but not in
the system’s preferred data structure. The labels in the top chart show the profitability cutoff, i.e.
the number of runs before total runtime with conversion becomes profitable over native.

Sort-merge join has excellent performance when the input sizes are similar, but it is unable to
exploit sparsity when one of the inputs is very sparse, as shown by the 0.001:0.8 results. Galloping
alleviates this problem at a modest performance cost, most visible with a slight imbalance (0.4:0.6)
exhibiting worst-case behavior for the cache and branch predictor. Hash join can exploit sparsity
in all cases, but it has a higher constant factor than sort-merge join and is slightly slower to build.

One application of data structure portability is the ability to integrate seamlessly with existing
systems. For this example, we have added a storage description for C++ unordered_maps with
lookup capability. This takes a total of 6 lines of Python code. As shown in Figure 27, converting
between storage formats can have a significant runtime cost, especially if the data is only used
once or a few times, but in all cases the native performance is significantly worse than some other
implementation. Depending on the user’s requirements, they can choose whether or not to convert
based on how many times the query is run for each conversion.

10 Related Work

Our paper describes a relational algebra compiler that can fuse general relational algebra with worst-
case optimal join algorithms, which builds on recent work on sparse tensor algebra compilation.

Database management systems. Relational database management systems started with System
R [Chamberlin et al. 1981] and Ingres [Stonebraker et al. 1976]. The Volcano model [Graefe 1994]
proposed a query execution model where relational operators are organized in a tree where parents
request tuples from children. Many modern query execution engines improve on this model in
various ways. X100/VectorWise [Boncz et al. 2005] uses vectorized execution [Kersten et al. 2018]
on columns to optimize performance. HyPer [Kemper and Neumann 2011] breaks down queries
into pipelines of operators separated by pipeline breakers, then compiles these pipelines into native
code interspersed with handwritten kernels, using a push-based execution strategy. Peloton [Menon
et al. 2017; Pavlo et al. 2017] combines the advantages of vectorization and pipeline fusion using
relaxed operator fusion, which splits pipelines into vectorized stages.

Our work generalizes pipeline compilation by allowing fusion across any set of operators. In
particular, we allow for fusion of multiple joins as well as other operators such as union and
intersection that are traditionally pipeline breakers. However, our work does not explicitly address
vectorized execution, and we leave this for future work. Loop transformations for tensor algebra
compilation have previously been addressed by Senanayake et al. [2020], and applying this to the
relational domain could enable generation of vectorized query code, and a similar approach to
Peloton using relaxed fusion could help exploit vectorization opportunities.
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Worst-case optimal joins. Worst-case optimal joins (WCQJ), beginning with Generic Join [Ngo et al.
2012], demonstrated that joins over multiple relations can have asymptotically better performance
on some queries, such as the triangle query, than traditional query plans with only binary joins.
Several databases, such as EmptyHeaded [Aberger et al. 2017] and Umbra [Freitag et al. 2020;
Neumann and Freitag 2020] have adopted worst-case optimal joins for their query engines. Leapfrog
triejoin [Veldhuizen 2013] gives a simple worst-case optimal join algorithm based on tries, which
has been adopted by other approaches that use similar data structures [Kovach et al. 2023; Shaikhha
et al. 2022]. Free Join [Wang et al. 2023] improves on Generic Join by allowing iteration over
multiple attributes in a single loop, decreasing the preprocessing needed to execute joins. These
WCQJ systems all generate code as a series of nested loops, matching the basic structure of our IR.

SDQL [Shaikhha et al. 2022] proposes the use of semi-ring dictionaries to achieve complex fusion
of relational and linear algebra optimizations using simple primitives. Its fusion capabilities support
the pipeline fusion of HyPer in addition to horizontal and vertical loop fusion for inner joins. By
focusing on dictionaries, however, it does not support co-iteration and can thus only synthesize
hash joins and not variants of merge joins. While outer hash-joins can be expressed, they require
temporary storage and thus cannot be fused. Differences are explicitly not supported, and multiset
union/intersection cannot be expressed using the fixed semiring structure.

Our IR enables the compilation of a larger set of fusable operations than are supported by the
prior work on worst-case optimal joins, as demonstrated by Table 1. This generality is enabled
by the general set of loop domains expressible using ALIR and supported by our code generation
algorithms. Compared to prior work on worst-case optimal joins, our IR is more general both
in what it can express in its loop domains and in the placement of statements such as aggregate
updates and precomputation, enabling a greater degree of fusion.

Sparse Tensor Algebra Compilation. Our work builds on prior work on sparse tensor algebra
compilation [Kjolstad et al. 2017]. Multiplications and additions in sparse tensor algebra lead to
co-iteration over tensor coordinates similar to loops for inner and outer joins. Chou et al. [2018]
extended TACO’s coordinate tree abstraction with support for more data structures. We extend the
coordinate tree model to represent relations over multisets and show how to represent common
database storage formats in this model.

The basic iteration lattice (initially merge lattice) was first introduced in TACO [Kjolstad et al.
2017]. Henry et al. [2021] extended the TACO compilation model with support for non-linear
operations, adding the ability to iterate over set complements of tensor coordinates. Root et al.
[2024] showed how to represent shape operators using four primitives (collapse, concat, split, slice).
Kovach et al. [2023] developed a stream-based model and showed how to represent worst-case
optimal joins but is limited to inner equi-joins. Our work generalizes these ideas to all the relational
algebra operators used in modern database systems, multiset semantics, and provides encodings of
all relational algebra operations. In particular, the generalized iteration lattice [Henry et al. 2021] is
insufficient to represent differences in non-iterable universes and does not supports multisets.

11 Conclusion

We have shown how to compile the major operations supported by real-world industry analytics
query engines without giving up operator fusion or data structure portability. We hope our work
can serve as a stepping stone towards query execution engines that provide full support for modern
query languages, support sophisticated optimizations, and are portable across data structures.
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